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SUMMARY 
The c o e f f i c i e n t s  of t h e  series represent ing the conformal  mapping of  
t h e   i n t e r i o r  of t h e   u n i t  c i r c l e  o n t o   t h e   i n t e r i o r  of l : l a  + (51 = 1 are 
t a b u l a t e d  f o r  v a r i o u s  v a l u e s  of B / A ,  ~1 and 6. 
B 
Prec ise  g raph ica l  compar i sons  o f  s eve ra l  cases have  been  inc luded  to  
g r a p h i c a l l y  i l l u s t r a t e  t h e  n a t u r e  and  accuracy  of  the  conformal  mappings. 
A computer  program  (Fortran I V  compute r  l anguage )  has  been  l i s t ed  to  
a i d  t h o s e  i n t e r e s t e d  i n  cases n o t  i n c l u d e d  i n  t h e  r e p o r t .  
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1. Objective of General P r o j e c t  a n d  t h e  R e l a t i o n  of Curren t   Repor t  
The  pr imary  objec t ive  of  the  cur ren t  research  has  been  the  opt imun des ign  
of s t r u c t u r a l  s h a p e s .  
r e l a t i v e l y  l a r g e  class 
e q u a t i o n s  
The  opt imiza t ion  w a s  t o  b e  r e s t r i c t e d  o n l y  t o  t h e  
of two  and th ree  d imens iona l  shapes  de f ined  by t h e  
where A ,  B y  C y  a ,  6 and y are p o s i t i v e   c o n s t a n t s   w h i c h   n e e d   n o t   b e   i n t e g e r s .  
Fu r the r  t he  th ree  d imens iona l  shape  r e su l t i ng  f rom revo lv ing  the  cu rve  de f ined  
by (1) abou t  t he  x -ax i s  was t o  b e  i n c l u d e d .  
I n  o r d e r  t o  p r o v i d e  material  use fu l  t o  the  space  p rogram,  i t  w a s  dec ided  
t o  i n i t i a t e  t h e  r e s e a r c h  w i t h  a d e t e r m i n a t i o n  of t h e  g e o m e t r i c a l  a n d  i n e r t i a l  
p rope r t i e s   o f   t he   above  classes of s h e l l s  [ 1 , 2 ] . *  T h i s  w a s  fo l lowed  wi th  a 
s tudy  o f  she l l s  o f  r evo lu t ion  wh ich  were o p t i m i z e d  w i t h  r e s p e c t  t o  maximum 
enclosed  volume  and minimum weight  [ 3 ] .  A s t u d y  o n  t h e  v i b r a t i o n  of beams 
w a s  a l s o  r e p o r t e d  [ 4 ]  i n  which  the  beam c r o s s - s e c t i o n  was def ined  by  (1). 
S i n c e  b u l k h e a d s  f o r  b o d i e s  o f  t y p e  ( 2 )  r e q u i r e  p l a t e  s h a p e s  o f  t y p e  ( 1 )  
i n v e s t i g a t i o n  was cont inued   on   c lamped  p la tes   def ined   by  (1). Previous   so lu-  
t i o n s  f o r  t h e  l o a d - d e f l e c t i o n  b e h a v i o r  o f  c l a m p e d  p l a t e s  h a v e  b e e n  c o n f i n e d  t o  
t h e  c i r c l e ,  e l l i p s e ,   s q u a r e ,   r e c t a n g l e  and  skew s l a b  o r  diamond  shape.  In 
o r d e r  t o  i n s u r e  t h e  a c c u r a c y  o f  t h e  d e t e r m i n e d  d e f l e c t i o n  o f  p l a t e s  w i t h  
s h a p e s  d e f i n e d  by (1) t h a t  were n o t  a c i r c l e ,  e l l i p s e ,  s q u a r e  o r  r e c t a n g l e ,  
i t  was d e c i d e d  t o  a p p l y  t h r e e  d i f f e r e n t  m e t h o d s  t o  d e t e r m i n e  t h e  d e f l e c t i o n s .  
These were: the  conformal  mapping  method,  the  method of c o l l o c a t i o n   a n d   t h e  
energy method. 
*Numbers i n  b r a c k e t s  r e f e r  t o  t h e  r e f e r e n c e s .  
In  inves t iga t ing  the  confo rma l  mapp ing  approach ,  i t  was n o t e d  t h a t  t h e r e  
was a severe g a p  b e t w e e n  t h e  t h e o r e t i c a l  r e s u l t s  c o n c e r n i n g  t h e  c o n s t r u c t i o n  
of   conformal  maps a n d  t h e  a c t u a l  a v a i l a b i l i t y  of those  conformal   maps.   This  
r e p o r t  c o n t a i n s  a d e t a i l e d  d i s c u s s i o n  o f  t h e  c o n s t r u c t i o n  of t he  confo rma l  
maps  and a l i s t i n g  of   the  conformal  maps  needed in  the  confo rma l  mapp ing  ap- 
p r o a c h e d  f o r  t h e  d e t e r m i n a t i o n  o f  t h e  d e f l e c t i o n  o f  p l a t e s .  
Since conformal  maps are  u s e d  i n  a wide  va r i e ty  o f  p rob lems  bes ides  the  
d e t e r m i n a t i o n  o f  t h e  d e f l e c t i o n  o f  p l a t e s ,  i t  was d e c i d e d  t o  p u b l i s h  t h i s  
work s e p a r a t e l y  s o  t h a t  i t s  g e n e r a l  n a t u r e  c o u l d  b e  m o r e  e a s i l y  r e c o g n i z e d  a n d  
e x p l o i t e d .  
2. Purpose  of  Report  
Many two-dimensional physical  problems have been solved with the aid of 
complex v a r i a b l e s .   T h e s e   t r e a t m e n t s   f r e q u e n t l y   a s s u m e   t h e   a v a i l a b i l i t y   o f   a n  
appropriate   conformal   mapping.  See fo r   example   Muskhe l i shv i l i  [ 5 ] ,  Mansf ie ld  
[ 6 ]  and  Sokolnikoff  [ 7 ] .  Often   appropr ia te   conformal   mappings  are n o t   a v a i l a b l e .  
The p u r p o s e  o f  t h i s  r e p o r t  i s  t o  make ava i l ab le  the  confo rma l  mapp ings  o f  
t h e  i n t e r i o r  o f  t h e  u n i t  c i rc le  o n t o  t h e  i n t e r i o r  o f  a r e l a t i v e l y  g e n e r a l  class 
of  curves  which includes as s p e c i a l  cases e l l i p s e s  as w e l l  as curves which are  
e s s e n t i a l l y  r e c t a n g l e s .  
Those who h a v e  h a d  a n y  e n c o u n t e r  w i t h  d i g i t a l  c o m p u t e r s  s o o n  l e a r n  t o  b e  
wary   of   p roposed   so lu t ions ,  no matter how p l a u s i b l e .  U n t i l  e v e r y  s i n g l e  p a r t  
of a n u m e r i c a l  s o l u t i o n  o f  a problem is ca re fu l ly  checked  and  t e s t ed ,  one  can -  
n o t  b e  s u r e  t h a t  c o n s i d e r a t i o n s  o f  a c c u r a c y  v e r s u s  c o m p u t e r  r u n n i n g  time o r  
computer  s torage  w i l l  permi t  a c o m p l e t e  s o l u t i o n .  
The bas i c  ma themat i ca l  t heo ry  fo r  t he  de t e rmina t ion  o f  confo rma l  mapp ings  
is t r e a t e d  f i r s t ,  t h e n  t h e  t h e o r y  i s  s p e c i a l i z e d  f o r  t h e  c u r v e s  o f  i n t e r e s t  i n  
t h i s  r e p o r t .  Next a comple t e   l i s t i ng   o f   t he   ac tua l   compute r   p rog ram is pre- 
s e n t e d  f o r  t h o s e  who  may wish  mappings  which are  n o t  t a b u l a t e d .  I n  a d d i t i o n  
t o  a t a b l e  of accurate conformal mappings graphs of some of these mappings 
are i n c l u d e d  t o  i n d i c a t e  r e l a t i v e  a c c u r a c y .  
Comments c o n t a i n e d  i n  t h e  l i s t i n g  o f  t h e  p r o g r a m  ( s e e  i n  p a r t i c u l a r  t h e  
n o t e  a t  head of  subrout ine GETA) s h o u l d  p r o v e  h e l p f u l  t o  t h o s e  i n t e r e s t e d  i n  
t h e  l i m i t a t i o n s  of t h e  method used  to  obta in  the  conformal  maps  when shapes  
s e v e r e l y  d i f f e r e n t  f r o m  a c i r c l e  are cons ide red .  
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DERIVATION OF INTEGRAL EQUATION FOR DETERMINING 
CONFORMAL  TRANSFORMATION  OF INTERIOR REGIONS 
The d e t e r m i n a t i o n  of a s u i t a b l e  t r a n s f o r m a t i o n  f o r  c o n f o r m a l l y  m a p p i n g  
t h e  i n t e r i o r  of t h e  u n i t  c i r c l e  o n t o  a s imple   connec ted   r eg ion  R bounded 
by cu rve  C shown i n  F i g .  1 has  been shown [8] t o   r e d u c e   t o   t h e   s o l u t i o n  of 
a Fredholrn In tegra l  Equat ion  of  the  second k ind .  
Any s imply  connected  region R can   be  made t o  c o n t a i n  t h e  o r i g i n  o f  t h e  
z -p l ane  and  in t e r sec t  t he  x -ax i s  a t  1. L e t  u s  map t h e  o r i g i n  of the  z-plane 
o n t o  t h e  o r i g i n  of t h e  5 or  image  plane  and (1,O) of   the  z-plane  onto (1,O) 
of   the  image  plane.  L e t  5 = peie. Then  consider  
By Cauchy's  theorem 
where CE i s  t h e   c i r c l e   a r o u n d   t h e   o r i g i n   w i t h   r a d i u s  E and  2-1 is t h e   c u t  
from (1,O) t o   t h e   c i r c l e  CE as shown i n   F i g .  2 .  
Also 
s i n c e  F ( z )   o n   s i d e  1 of   cu t   equa l s  F ( z )  - 2ri o n   s i d e  2 of c u t .  On cu rve  C 
p = 1 t h e r e f o r e   f r o m  (1) F (z )  = i o .  Now (2 )   r educes   t o  
I n t r o d u c i n g  t h e  c h a n g e s  i n  v a r i a b l e  
t - z  = r e  i o  
4 
1 - 2  = '1 e 
B = 41 - 9, 
d t  = eicl du 
(3)  becomes 
e r du - I n  (y) - B i  1 
0 
F (2) = - r 
S e e  F i g .  3 f o r  g e o m e t r i c a l  s i g n i f i c a n c e  of t h e  new v a r i a b l e s .  From F i g .  3 one 
o b t a i n s  
a " $ = - -  Tr 
2 ( n t   , r )  * 
Where ( n   , r )   i n d i c a t e s   t h e   a n g l e   b e t w e e n   t h e   i n w a r d   n o r m a l   t o  C and If. Sub- 
s t i t u t i n g  i n  t h i s  r e l a t i o n s h i p  and u t i l i z i n g  t h e  E u l e r  f o r m u l a  ( 4 )  becomes 
t 
i 8 [ c o s   ( n t , r )  - i s i n  ( n  r ) ]  t y  r F (z )  =- I du - I n  (r) - B i  (5) 1 
0 2Tr c r 
Comparing (1) w i t h  (5) and  equat ing real  and   imaginary   par t s .  
1 
21T 
8 s i n   ( n t , r )  r 
Inp  = - 1 1 
0 
du - I n  (r) 
C 
r 
8 c o s   ( n   , r )  
r 
e = -  l 1  t 
21T c 
d u - B .  
As z approaches  the  boundary C y  as shown i n   F i g .  4 ,  (6)  assumes  the  form  of 
a Fredholm In teg ra l  Equa t ion  o f  t he  second  k ind  
SPECIALIZATION OF FREDHOLM INTEGRAL EQUATION 
FOR  EGIONS  OF THE SHAPE 
The k e r n e l ,  K, of ( 7 )  may b e  w r i t t e n  w i t h  v a r i a b l e s  t h a t  are more 
r e a d i l y   o b t a i n a b l e   g e o m e t r i c a l l y .  From ( 7 )  
c o s   ( n   , r )  1 t 
IT r 
K = -  
F o r  t h e  f i r s t  q u a d r a n t  
where  (x  ) is a p o i n t   o n   t h e   c u r v e   i n   t h e   f i r s t   q u a d r a n t ,  n ,Yn 
(xi,yi) i s  a n o t h e r  d i s t i n c t  p o i n t  o n  t h e  c u r v e  i n  t h e  f i r s t  q u a d r a n t ,  
@i s the  angle  the  outward  normal  on  the  curve  a t  (xi ,  yi)  makes with the 
p o s i t i v e  x a x i s .  By s u i t a b l e   r e f l e c t i o n s   a b o u t   t h e  x  and  y 
a x e s  t h e  k e r n e l s  f o r  t h e  s e c o n d ,  t h i r d  a n d  f o u r t h  q u a d r a n t s  are ob ta ined  as 
(xi + x > c o s  Gi + (yi + y n ) s i n  @i 
v = -  n L, - 
C I T  
(Xi + X n I 2  + (Yi - yn) 2 
(Xi - Xn) + (Yi + Yn> 
r e s p e c t i v e l y .  * 
*For work concerned with curves comprised of circular arcs and s t r a i g h t  l i n e  
segments  having var ious degrees  of  symmetry see Wilson [ 9 ] ,  Rohm & Haas 
Company [ l o ] ,  and  Wilson  and  Becker [ll]. 
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For  the  case n = i i t  c a n  b e  shown [ 1 2  J p. 95 t h a t  
1 c u r v a t u r e  a t  (x n  ,Yn) 
Ka 
= -  
2 
The c u r v a t u r e  is  c o n s i d e r e d  n e g a t i v e  i f  t h e  center of c u r v a t u r e  lies o n  t h e  
same s i d e  of t h e  c u r v e  as the outward normal .  
One now writes ( 7 )  i n  t h e  f o r m  
8 (s) = J 0 (ulaKadu + 8 (u)bK,,du + I 0 (u)cKcdu + 1 8 (u)dKddu - 2p(s)  
‘a ‘b cC ‘d 
I 
where Cay  C b ,  Cc,  C r e f e r   t o   t h a t   p o r t i o n  of the   boundary ,  C y  i n  t h e  d 
r e s p e c t i v e  q u a d r a n t s .  
Us ing  Gauss ian  quadra ture ,  each  of  the  four  in tegra ls  i s  of the form 




Where L i s  t h e   l e n g t h  of t he   cu rve  . S i n c e   t h e   n t i r e   c u r v e   h a s   d o u b l e  
symmetry, L a l s o  r e p r e s e n t s  t h e  l e n g t h  of Cb ,   Cc ,  and Cd.  
‘a 
L e t  S i  < S i  9 < S i  b e   t h e   a b s c i s s a s   f o r   G a u s s i a n   q u a d r a t u r e   i n  
t h e   i n t e r v a l  (1, -1). F o r   G a u s s i a n   q u a d r a t u r e   t h e   a b s c i s s a s   f o r   t h e   i n t e r v a l  
( 0 , L )  w i l l  be  
u = “ I + -  L L 
1 2 1  2 
= - S f + -  L L 
u2 2 2  2 
u = - S T + -  L L 
i 2  2 
Now s p e c i f y  t h o s e  p o i n t s  ( x i , y i )  a p p e a r i n g  i n  F i g .  4 t o  b e  p o i n t s  f o r  
which 
7 
with (xn,yn)  being a s p e c i f i c  ( x i , y i ) .  
It s h o u l d  b e  n o t e d  t h a t  t h e s e  ( x i , y i )  are i n  t h e  first q u a d r a n t  w i t h  t h e  
c o r r e s p o n d i n g  p o i n t s  i n  t h e  o t h e r  t h r e e  q u a d r a n t s  b e i n g  o b t a i n e d  b y  s u i t a b l e  
r e f l e c t i o n s   a b o u t   h e  x and y axes.   Thus,  i t  is p o s s i b l e   t o   d e f i n e  
Kc' Kd i n  terms o f   ( x i , y i )   o f   t h e   f i r s t   q u a d r a n t .  
Kb' 
Recall t h a t  8 de te rmines  a po in t   on   t he   cu rve   wh ich   has   been  mapped 
o n t o  t h e  u n i t  c i rc le .  Due t o  t h e  d o u b l e  symmetry  of  the  curve,  C,  one   has  
e = e  a i 
e = ~ - e  b i 
e = T + B  
C i 
e = 2 ~ e  
d i 
L e t  W b e   t h e   G a u s s i a n   w e i g h t s   a s s o c i a t e d   w i t h  u . Angle B ,  Fig .  4 ,  can  
be  expressed  as 
i i 
Bn = T - t a n  (x) - t a n  (E) -1 Yn -1 Yn 
n  n 
Now w r i t i n g  t h e  i n t e g r a l s  of (13) as summations  using  Gaussian  quadrature  
and  making  use  of (14)  and (16) ,  o n e  h a s  f o r  (13)  
T 
'n 2 - f eiWi [Ka - Kd + Kc - 51 i=l 
where I i s  t h e  number  of points   (xi ,yi)   and Bn i s  d e f i n e d  by ( 1 7 )  . A s  n 
takes   on  a l l  v a l u e s  n = 1, . . . I ,  w e  see t h a t  (18) forms a system  of I 
l i n e a r   a l g e b r a i c   e q u a t i o n s   i n v o l v i n g   t h e  I unknowns, O i .  On s o l v i n g   t h i s  
sys tem  of   equa t ions  a t a b l e ,  T ,  of   (xi ,yi)   versus  8 i s  gene ra t ed .  i 
The e n t r i e s  8 i n  t h i s  t a b l e  w i l l  be   unevenly   spaced   due  to t h e   u s e  of 
i 
Gauss ian  quadra ture  and  hence  w i l l  b e  u n s u i t a b l e  f o r  t h e  F o u r i e r  a n a l y s i s  t h a t  
is t o  f o l l o w .  I f  s u f f i c i e n t  care was t a k e n  i n  s e t t i n g  up  and  solving  the 
system of s i m u l t a n e o u s  l i n e a r  e q u a t i o n s  t h e  t a b l e  g e n e r a t e d  w i l l  b e  h i g h l y  
a 
a c c u r a t e  a n d  t h e r e f o r e  w i l l  b e  a s u i t a b l e  b a s e  o n  w h i c h  t o  c o n s t r u c t  a t a b l e  
w i t h  m o r e  e v e n l y  s p a c e d  e n t r i e s  f o r  t h e - s a m e  r a n g e  by a s u i t a b l e  
n th  deg ree  Lagrange -  in t e rpo la t ion .  Th i s  new t a b l e  will be denoted T ' .  
I t  is d e s i r e d ,  u l t i m a t e l y  t o  o b t a i n  t h e  c o n f o r m a l  t r a n s f o r m a t i o n  i n  t h e  
form 
a, 
z = x + i y  = 1 cnrn = w(<) 
n= 1 
on   t he   cu rve  5 = e , t h e r e f o r e   f r o m   t h e   t a b l e  T '  (x   ,y  ) v e r s u s  8 one may if3 
j j  j 
write 
m 
x j  + i y j  = 1 cne j i n 8  
n= 1 
S i n c e   t h e   f i g u r e  i s  symmetr ic   about   he x a x i s   t h e  c ' s  are rea l .  From n 
symmetry  about  he y a x i s  i t  i s  known t h a t   h e   p o s s i b l e   n o n z e r o  c a r e  n 
C m = l ,  2 , .  . . . 2m- 1 ' 
Using  Euler 's   formula  and  comparing  real   and  imaginary par ts  ( 1 9 )  g i v e  
N 
where N i s  less t h a n   t h e  number  of e n t r i e s  i n  T ' .  
E i the r  o f  t he  above  equa t ions  i s  s u f f i c i e n t  t o  d e t e r m i n e  t h e  d e s i r e d  c " s  n 
by F o u r i e r  a n a l y s i s  u s i n g  t a b l e  T ' .  One may  now write 
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COMMENTS CONCERNING ‘PROGRAM LISTING, 
TABLE OF  CONFORMAL  MAPPING COEFFICIENTS AM) PLOTS  OF  CONFORMAL MAPS 
S u f f i c i e n t  comment ca rds  have  been  in se r t ed  in  the  confo rma l  mapp ing  
program t o  make i ts  l i s t i n g   s e l f - e x p l a n a t o r y .   S e e   p a g e s  1 4  through  25. On 
page  25  the  poin ts  and  weights  for  64  poin t  Gauss ian  quadra ture  has  been  
r e c o r d e d  i n  t h e  f o r m a t  r e q u i r e d  b y  t h i s  p r o g r a m .  F o r  t h o s e  who w i s h  t o  u s e  
d i f f e r e n t  o r d e r  G a u s s i a n  q u a d r a t u e  see [13]  pp.  916-919 o r  [ 1 4 ] .  
Pages 26 th rough  41  con ta in  a t ab le  o f  t he  confo rma l  mapp ing  coe f f i c i en t s .  
By t h e  symmetry  of t h e  f i g u r e s  c o n s i d e r e d  t h e  e v e n  c o e f f i c i e n t s  are i d e n t i -  
ca l ly   ze ro ,   hence   t hey   have   no t   been   l i s t ed .  The c o e f f i c i e n t s  CN(N) of t h e  
t ab le   co r re spond   t o  C of  (20)  (page  9)  where  2n-1 = N .  ( 2n- 1 )  
The  computer  program genera tes  the  f i r s t  200  odd c o e f f i c i e n t s ,  however 
many o f  t h e  f i g u r e s  were s u c h  t h a t  o n l y  a f r a c t i o n  of t h e  c o e f f i c i e n t s  n e e d e d  
t o  b e  r e c o r d e d  s i n c e  t h e  rest were ze ro .  Fo r  example ,  fo r  t he  set  o f  f i g u r e s  
w i t h  B / A  = 1 . 0  t h e  t a b l e  ( s e e  p a g e s  2 6 , 2 7 )  l i s ts  o n l y  t h e  c o e f f i c i e n t s  up t o  
N = 1 5 9 .  T h i s  i n d i c a t e s  t h a t  t h e  c o e f f i c i e n t s  N = 1 6 1  t o  N = 399 gene ra t ed  
f o r  t h e  f i g u r e s  w i t h  B/A = 1 . 0  were a l l  z e r o .  
For  cases  where a l l  200  odd c o e f f i c i e n t s  are  r e c o r d e d  ( i . e .  f i g u r e s  w i t h  
B / A  = 3 .  o r  B/A = 1 .13 . )  t hese  are c o e f f i c i e n t s  o f  a series which  conformally 
maps t h e  u n i t  c i rc le  on to  a f i g u r e  similar t o  t h e  d e s i r e d  f i g u r e  ( b y  v i r t u e  of 
t h e  f a c t  t h a t  t h e  s e r i e s  i s  a t r u n c a t i o n  of t h e  d e s i r e d  s e r i e s ) .  Only f o r  t h e  
extreme cases; B/A = 3. ,  1 .13 .  ; ALPHA = BETA = 1 . 6  ( c f .  n o t e  a t  head  of 
l i s t i n g  of s u b r o u t i n e  GETA) d o e s  t h e  f i g u r e  s i g n i f i c a n t l y  d i f f e r  f r o m  t h e  
des i r ed   f i gu re .   See   d i scuss ion   o f   con fo rma l  map p lo t s   be low.  
The t r iv ia l  c a s e  B / A  = 1.0,  ALPHA = BETA = 2.0 was i n c l u d e d  i n  t h e  t a b l e  
to  g ive  an  ind ica t ion  o f  t he  accu racy  o f  t he  p rogram.  
To g i v e  a v i s u a l  c h e c k  of t he  accu racy  of the conformal  maps a computer 
p l o t  was made of t h e  o r i g i n a l  f i g u r e  and superimposed on i t  was a p l o t  of 
t h e  f i g u r e  o b t a i n e d  by us ing   the   conformal  map. Pages 44 and 4 5  c o n t a i n  
s e v e r a l  o f  t h e s e  p l o t s .  
I n  g e n e r a l  t h e  a c c u r a c y  of a conformal map f o r  a f i g u r e  w i t h  B / A  = X 
w i l l  be  comparable  to  the  accuracy  of  a conformal map f o r  a f i g u r e  w i t h  B / A  = 
1/x. 
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As e x p l a i n e d  i n  t h e  n o t e  a t  head of l i s t i n g  o f  s u b r o u t i n e  GETA t h e  
accuracy of  the generated con€ormal  map i s  b e s t  f o r  f i g u r e s  c l o s e  t o  a 
circle,  i .e.  B/A c l o s e  t o  1 .0  and ALPHA, BETA c l o s e  t o  2.0. The  bad case 
B/A = 3 . 0 ,  ALPHA = BETA = 1 . 6  seen on page 45 w a s  i n c l u d e d  t o  show t h e  
l i m i t a t i o n  of t h e  p r o g r a m  f o r  c o n f o r m a l l y  m a p p i n g  f i g u r e s  s e v e r e l y  d i f f e r e n t  
from a c i rc le .  
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C O N M A P   ' C O N ' F O R M A i   ' P ' P I N G   C O E F F I C I E N T S  
A C O M P U T E R   P R O G R A M   W H I C H   D E T E R M I N E S   T H E   C O E F F I C I E N T S   O F   T H E   C O N -  
F O R M A L   M A P P I N G  OF T H E   I N T E K I O R   O F   T H E   U N I T   C I R C L E   O N T O   T H E   I N T E R I -  
O R   O F   A B S ( X / A ) * * A L P H A  + A B S ( Y / B ) * * B E T A  = 1 -0 .  E Q  A 
THE  COMMENTS I N   T H I S   L I S T I N G   A R E   N O T   I N T E N D E D   T O  B E  A N   E X H A U S T I V E  
E X P L A N A T I O N   O F   A L L   A S P E C T S   O F   T H E   G I V E N   P R O B L E M .   R A T H E R   T H E Y   A R E  
I N C L U D E D   A S  A G U I D E   T O   T H O S E  WHO A R E   F A M I L I A R   W I T H   T H E   P A R T I C U L A R  
M A T H E M A T I C A L   M E T H O D   U S E D   A N D   T H E   A S S O C I A T E D   M A T H E M A T I C A L   T O O L S  
( S E E   T E X T   F O R   M O R E   D E T A I L S ) .  
NOTE.... F O R   L I M I T A T I O N S   O N  A L P H A ?   B E T A 9   A N D   B / A   S E E   N O T E   A T  
T H E   H E A D   O F   T H E   L I S T I N G   O F   S U B R O U T I N E   G E T A  
M A I N   P R O G R A M  
D I M E N S I O N   G P 1 6 4 ) ~   G W ( 6 4 ) .   G x ( 6 4 ) ~   G Y ( 6 4 ) r c N (  500) 
C O M M O N   A L P H A 7   B E T A ,   P T   G P ?   G W T   G X T   G Y  
R E A D  ( 5 ~ 1 0 0 0 )  (GP(I)~I=lr32)r(GW(1),1=1~32) 
GP = G A U S S I A N   P O I N T S  
G P ( 1 )  = .999305 ... ETC. 
GW = G A U S S I A I U   W E I G H T S  
F O R M A T   ( 4 F Z O . O )  
64 P O I N T S   A R E   U S E D  I N  T H I S  PROGRAM. 1.E. G P ( I ) r   - G P ( I )  I = 1 ~ 3 2  
R E A D  ( 5 ~ 2 0 0 0 y  E N D  = 5000)  C S  9 A L P H A  9 B E T A  
W R I T E  ( 6 9 6 0 0 0 )  C S T A L P H A T B E T A  
C S  = B / A   ' C ' O E F F I C I E N T   O F   ' S ' L E N D E R N E S S  
A S  I S  A P P A R E N T   F R O M   E Q  A T H E   S H A P E   O F   T H E   C U R V E   ( E Q   A )  is  N O T  
C O N S E Q U E N T L Y   T H E   C O N F O R M A L   M A P P I N G   C O E F F I C I E N T S   A R E   D E T E R M I N E D   T O  
E F F E C T E I I   B Y   T H E   P A R A M E T E R S  A AND B S E P A R A T E L Y   B U T  B Y  T H E I R   R A T I O .  
O B T A I N   T H E   C O N F O R M A L   M A P P I N G   C O E F F I C I E N T S   F O R  A P A R T I C U L A R   S I Z E  
W I T H I N  A M U L T I P L I C A T I V E   C O N S T A N T   W H E N   O N L Y   B / A  I S  S P E C I F I E U .   T O  
C U R V E   M E R E L Y   M U L T I P L Y   T H E   G E N E R A T E D   C O E F F I C I E N T S   B Y  A. 
FORMAT ( 1 H l T 8 6 H  T H E   F I R S T  50 C O E F F I C I E N T S   O F   T H E   C O N F O R M A L   M A P P I N  
1 G   O F   T H E   I N T E R I O R  O F   T H E   C I J R V E  W I T H T I ~ ~ H  A = 1.00~ B = ~ F 5 - 2 , 8 H  A L P  
2 H A  = ,F5 .2~7H B E T A  = , F 5 . 2 9 4 2 H   O N T O   T H E   I N T E R I O R   O F   T H E   U N I T   C I R C L E  
3 A R E  / / / I  
2000 FORMAT (3F10.4)  
C 
C G A R L  
C A S  I S  R E A D I L Y   S E E K   F R O M   E Q  A T H E   C U R V E  I S  S Y M M E T R I C   A B O U T   B O T H  
' G ' A U S S I A N   ' A R ' C ' L ' E N G T H  
C T H E  X AND Y AXES.  FOR T H I S   R E A S O N  WE N E E D   O N L Y   I N F O R M A T I O N   A B O U T  
C T H E   C U R V E  I N  O N E   @ U A D R A N T (   H E   F I R S T   O U A D R A N T  IS U S E D  1 .  
C T H E   P A R T I C l J L A R   M A T H E M A T I C A L   M E T H O D   U S E D   T O   D E T E R M I N E   T H E   C O N F O R M A L  
C M A P P I N G   U L T I M A T E L Y   R E D U C E S   T O   T H E   D E T E R M I N A T I O N   O F   T H E   S O L I J T I O N   T O  
C A N   I T E G R A L   E Q U A T I O N   ( S E E   T X T ) .  I N  T H I S   P R O G R A M   G A U S S I A N   Q U A D -  
C R A T U R E  I S  E M P L O Y E D   T O   R E D U C E   T H E   I N T E G R A L   E Q U A T I O N  T O  A S Y S T E M   O F  
C L I N E A R   A L G E B R A I C   E Q U A T I O N S .  
C T H E   S O B R O U T I N E   G A R L   D E T E R M I N E S   T H E   A R C L E N G T H , ' A R C L ' T   O F   T H E  
C G I V E N   C U R V E   I N  A Q U A D R A N T .   T H E   S U B R O U T I N E   T H E N   D E T E R M I N E S   T H E  
C P O I N T S T ( G X ( I ) T G Y ( I ) ) r   O N   T H E   C U R V E  IN T H E   F I R S T   Q U A D R A N T   N H I C H   A R E  
C S P A C E D   A L O N G   T H E   A R C L E N G T H   O F   T H E   C U R V E   P R O P O R T I O N A L L Y   T O   T H E  
C G A U S S I A N   P O I N T S   G P ( I ) .  I . E .  I F  A L ( I )  A R E   T H E   A R C L E N G T H S   M E A S U R E D  
C F R O M   A N   I T E R C E P T   T O   P O I N T ( G X ( I ) T G Y ( I ) )  WE H A V E   T H E   R E L A T I O N  
C A L ( I )  = ( A R C L E N G T H / 2 ) ( G P ' ( I )  + 1 )  N H E R E   G P ' ( I )  I S  T H E  FULL A R R A Y  
C O F   G A U S S I A N   P O I N T S   F R O M  1 T O   - l , G P ' ( I = l 9 3 2 )  = G P ( I = l r 3 2 ) 9   G P ' ( I =  
C 3 3 9 6 4 )  = - G P ( J = 1 9 3 2  J=65 - I )  
C 
C A L L   G A R L  ( C S , A R C L )  
























































1 5  
M = 6 5 - I  
G W ( I )  = G W ( M )  
G E T A   ' G E ' N E R A T E S  A ' T A ' B L E   O F ( G X ( I ) t G Y ( I ) )   V E R S U S   E ( 1 )  WHERE 
€ ( I )  A R E   T H E   A N G L E S   T H E   R A D I I   T O   T H E   I M A G E   P O I N T S   O F   ( G X ( I ) T G Y ( I ) )  
O N   T H E   U N I T   C I R C L E   M A K E   W I T H   T H E   A B S C I S S A  I N  T H E   I M A G E   P L A N E .  
T H I S   T A B L E  I S  T H E N   M A D E   S U I T A B L E   F O R   F O U R I E R   A N A L Y S I S   W H I C H   I N  
T U R N   Y I E L D S   T H E   D E S I R E D   C O E F F I C I E N T S T  CN(I)T FOR  THE  CONFORMAL 
M A P P I N G .  
C A L L   G E T A   ( C N t A R C L )  
W R I T E  (693000) ( C N ( I ) t I = l ~ 3 9 9 ~ 2 )  
F O R M A T   ( T 5 0 ~ F 9 . 4 )  
F O R M A T   F 9 . 4  I S  A C H I E V E D   B Y   R O U N D I N G - O F F   N O T   B Y   T R U N C A T I O N  
W R I T E  (794000) ( C N ( I ) t I = 1 ~ 3 9 9 t 2 1  
GO  TO 5 
F O R M A T ( 8 F 9 . 4 )  
C A L L   S Y S E R R  
E N D  
G A R L   ' G ' A U S S I A N   ' A R ' C ' L ' E N G T H  
A S  I S  R E A D I L Y   S E E N   F R O M   E Q  A T H E   C U R V E  I S  S Y M M E T R I C   A B O U T   B O T H  
T H E  X AND Y AXES.  FOR T H I S   R E A S O N  WE N E E D   O N L Y   I N F O R M A T I O N   A B O U T  
T H E   C U R V E  I N  O N E   Q U A O R A N T (   T H E   F I R S T   Q U A D R A N T  IS U S E D  ). 
T H E   P A R T I C U L A R   M A T H E M A T I C A L   M E T H O D   U S E D   T O   D E T E R M I N E   T H E   C O N F O R M A L  
M A P P I N G   U L T I M A T E L Y   R E D U C E S   T O   T H E   D E T E R M I N A T I O N   O F   T H E   S O L U T I O N   T O  
A N   I N T E G R A L   E Q U A T I O N   ( S E E   T E X T ) .   I N  T H I S   P R O G R A M   G A U S S I A N   O U A D -  
R A T U R E  I S  E M P L O Y E D   T O   R E D U C E   T H E   I N T E G R A L   E Q U A T I O N   T O  A S Y S T E M   O F  
L I N E A R   A L G E B R A I C   E Q U A T I O N S .  
G I V E N   C U R V E   I N  A QUADRANT.   THE S U B R O U T I N E   T H E N   D E T E R M I N E S   T H E  
T H E   S U B R O U T I N E   G A R L   D E T E R M I N E S  T H E   A R C L E N G T H t ' A R C L n r   O F   T H E  
S P A C E D   A L O N G   T H E   A R C L E N G T H   O F  T H E   C U R V E   P R O P O R T I O N A L L Y   T O   T H E  
G A U S S I A N   P O I N T S   G P ( I ) .  I.E. I F   A L ( 1 )  A R E   T H E   A R C L E N G T H S   M E A S U R E 0  
A L I I )  = ( A R C L E N G T H / Z ) ( G P ' ( I )  + 1 )  WHERE G P ' f I )  IS T H E   F U L L   A R R A Y  
P O I N T S t ( G X ( I ) t G Y ( I ) ) t  O N   T H E   C U R V E  I N  T H E   F I R S T   Q U A D R A N T   W H I C H   A R E  
F R O M   A N   I N T E R C E P T   T O   P O I N T ( G X ( I ) v G Y ( I ) )  WE H A V E   T H E   R E L A T I O N  
O F   G A U S S I A N   P O I N T S   F R O M  1 TO - 1 t G P ' ( I = 1 9 3 2 )  = G P ( I = l t 3 2 ) 9   G P ' ( I =  
33164)  = - G P ( J = 1 9 3 2   J = 6 5  - I )  
S U B R O U T I N E   G A R L  ( C S t A R C L )  
COMMON A L P H A 9   B E T A T  P t  G P t   G W t   G X v   G Y  
D I M E N S I O N  A L ( 6 4 ) v  G P ( 6 4 1 1   G W ( 6 4 ) V   G X ( 6 4 ) p   G Y ( 6 4 )  
E X T E R N A L   F U N X  T FUNY 
X I S F ( Y )  = ( A B S (  1. - P a Y + + B E T A ) ) * + ( l . / A L P H A )  
X I S F ( Y )  I S  EQ A S O L V E D   F O R  X I N  TERMS  OF Y 
Y I S F ( X )  = ( A B S (  1. - X a * A L P H A ) / P ) * * ( l . / B E T A )  
Y I S F 1 X )  I S  EQ A S O L V E D  FOR Y I N  TERMS  OF X 
P = ( l . / C S ) * * B E T A  
N = 32 
T H E   F O L L O W I N G  I F  S T A T E M E N T S   D I V I D E   T H E   P O S S I B L E   C U R V E S   I N T O   V A R -  
I O U S   C L A S S E S  
C L A S S  1 A L P H A  = B E T A  = 1. 
C L A S S  2 ALPHA.LE.1. t BETA.LT.1. 
C L A S S  3 ALPHA.LT.1.  9 BETA.EQ.1. 
C L A S S  4 ALPHA.GE.1. 1 BETA.GT.1. 
C L A S S  5 ALPHA.GT.1. 9 BETA.EQ.1. 
C L A S S  6 A L P H A - L T - 1 -  t BETA.GT.1. 
C L A S S  7 ALPHA.GT.1. t BETA.LT.1. 
I F   ( B E T A  - 1 - ) 3 5 ? 4 5 * 6 5  
I F   ( A L P H A  - 1 . ) 5 t l O t 1 5  
I F  ( B E T A  - 1 . ) 3 5 t 2 0 ~ 5 0  











































5 5  
A R C L E N G T H  I S  D E T E R M I N E D   F O R   C L A S S  1 C U R V E S  
A R C L  = S Q R T ( 1 .  + ( C S ) * * 2 )  
T H E   A R C L E N G T H S   N E E D E D   F O R   D E T E R M I N I K G   T H E   P O I N T S   F O R   G A U S S I A N  
Q U A D R A T U R E   A R E   D E T E R M I N E D   F O R   C L A S S  1 C lJRVES 
HA =' ARCL/Z .  
A L ( J )  = H A * ( - G P ( J ) )  + H A  
DO 30 J=1,32 
M ~ 6 5 - J  
A L ( M )  = H A * G P ( J )  + H A  
GO TO 75  
A R C L E N G T H  I S  D E T E R M I N E D   F O R   C L A S S  2 C U R V E S  
F l  = C S  
x = 1. 
D E L T A  = .01 
00 25 J z 1 9 3 . 2  
I N   I N T E G R A T I N G  FOR  THE  ARCLENGTH I T  I S  A T  M O S T   I M E S   M O R E   A D V A N -  
TAGEOUS  TO  USE X OR Y A S   T H E   I N D E P E N D E N T   V A R I A B L E   D E P E N D I N G   O N  
WHERE  ONE I S  O N   T H E   C U R V E .   C R I T P   ( ' C R I T ' I C A L   ' P ' O I N T )   D E T E R M I N E S  
T H E   P O I N T S   O N   T H E   C U R V E   A T  W H I C H   T H E   S L O P E   I S   - B / A .   O N   O N E   S I D E  
O F   T H E S E   P O I N T S  WE WILL U S E  X A S   T H E   I N D E P E N D E N T   V A K I A S L E   T O  
D E T E R M I N E   A R C L E N G T H   A N 0   O N   T H E   O T H E R   S I D E  WE WILL U S E  Y A S   T H E  
I N D E P E N D E N T   V A R I A B L E .  
C A L L   C R I T P   ( X T F 1 , C S T D E L T A )  
R = X  
x 1  = x 
s = 1. 
Y l  = Y I S F ( X )  
I C  = 0 
x 2  = 0.0 
Y 2  = cs  
S I N T G   ' S ' U B R O U T I N E   F O R   ' I N T ' E G R A T I O N   B Y   ' G ' A U S S I A N   Q U A D R A T U R E  
T H T S   U B R O U T I N E   U S E S   G A U S S I A N   Q U A D R A T U R E   T O   I N T E G R A T E   F O R   T H E  
A R C L E N G T H  
F l l N X  I S  T H E   I N T E G R A N D   O F   T H E   A R C L E N G T H   I N T t G R A L   I N   T E R M S   O F  X 
C A L L   S I N T G   ( F U N X T R T S T N T A R C L L I  
R = Y I S F ( X )  
s = CS 
F U N Y  I S  T H E   I N T E G R A N D   O F   T H E   A R C L E N G T H   I N T E G R A L  I N  TERMS  OF Y 
C A L L   S I N T G   ( F U N Y T R I S I N T A R C L ~ )  
A R C L  = A R C L l  + A R C L Z  
GO TO 85  
A R C L E N G T H  I S   D E T E R M I N E D   F O R   C L A S S  3 C U R V E S  
GO T O  40 
F 1  = ( - A L P H A / B E T A  + 1 . ) + C S  
A R C L E N G T H  I S  D E T E R M I N E D   F O R   C L A S S  4 C U R V E S  
F 1  = -1O.**ZO 
x = 1. 
C A L L   C R I T P   ( X , F l , C S T D E L T A I  
D E L T A  = .01 
R = 0.0 
S = Y I S F ( X )  
x 1  = x 
Y 1  = s 
16 
I C  = 1 
x2  = 0.0 
C A L L  S I N T G  
Y 2  = cs 
R = 0 .0  
s = x  
C A L L   S I N T G  
ARCL = ARCL 
GO TO 85 
C 
1 + ARCL2 
( F U N X ~ R T S T N T A R C L ~ )  
C ARCLENGTH IS DETERMINED  FOR  CLASS 5 CURVES 
C 
60 F 1  = 1-ALPHA/BETA + l . ) *CS 
C 
C ARCLENGTH I S  DETERMINED  FOR  CLASS 6 CURVES 
GO TO 55 
65  F 1  = -10.**20 
x = 1.0 
C A L L   C R I T P   ( X T F ~ V C S T D E L T A )  
DELTA = .01 
R = 0.0 
S = YISF(X) 
C A L L   S I N T G   ( F U N Y T R T S T N T A R C L ~ )  
Y 1  = s 
x = 0.0 
x 1  = x 
C A L L   C R I T P   ( X y F l r C S v D E L T A )  
DELTA = -.01 
R = Y I S F ( X )  
Y 2  = R 
x2 = x 
I C  = 1 
s = c s  
C A L L   S I N T G   ( F U N Y T R T S T N V A R C L ~ )  
R = X  
C A L L   S I N T G   ( F U N X T R T S T N V A R C L Z )  
s = x 1  
ARCL = A R C L l  + ARCLZ + ARCL3  
GO TO 85 
C 
C ARCLENGTH IS DETERMINED  FOR  CLASS 7 CURVES 
C 
70 F 1  = CS 
DELTA = .01 
x = 1.0 
C A L L   C R I T P   ( X t F l v C S y D E L T A )  
R = X  
C A L L   S I N T G   ( F U N X T R ~ S T N T A R C L ~ )  
s = 1.0 
Y 1  = Y I S F ( X )  
x 1  = x 
x = 0.0 
DELTA = “01 
C A L L   C R I T P   I X T F ~ T C S T D E L T A )  
R = 0.0 
s = x  
C A L L   S I N T G   ( F U N X T R T S T N T A R C L ~ )  
S = Y I S F ( X )  
R = Y 1  
x2 = x 
Y 2  = s 
C A L L   S I N T G   ( F U N Y T R ~ S T N T A R C L Z )  
IC = 0 
ARCL = A R C L l  + ARCLZ + A R C L 3  
GO  TO 8 5  
C 








































1 3 5  
140 
1 C U R V E S  
DO 80  I = l v 6 4  
G X ( 1 )  = 1. - A L ( I ) / A R C L  
G Y I I )  = A L ( I ) * C S / A R C L  
GO T O  180 
T H E   A R C L E N G T H S   N E E D E D   F O R   D E T E R M I N I N G   T H E   P O I N T S   F O R   G A U S S I A N  
Q U A D R A T U R E   A R E   D E T E R M I N E D   F O R   C U R V E   C L A S S E S  2 THROUGH 7 
HA = A R C L / 2 .  
DO 90 J = 1 ~ 3 2  
A L ( J )  = H A * ( - G P ( J ) )  + H A  
DO 95 J = l v 3 2  
M = 6 5 - J  
A L ( M )  = H A * G P ( J )  + H A  
T H E   R E S T   O F   T H I S   S U B R O U T I N E   I S   D E V O T E D   T O   D E T E R M I N I N G   T H E   P O I N T S  
N E E D E D   F O R   G A U S S I A N   O U A D R A T U R E   F O R   C U R V E   C L A S S E S  2 THROUGH 7. 
T H E   P R O G R A M   F L O H  I S  D E S I G N E D   E X C L U S I V E L Y   F O R   T H E   P U R P O S E  OF US- 
I N G   F U N X  OR F U N Y   D E P E N D I N G  ON WHAT  PART OF THE  CURVE  ONE I S  S I T U A T E D .  
C A L C X   ' C A L C ' U L A T E S   T H E ' X '   C O O R D I N A T E   O F   T H E   P O I N T   O N   T H E   C U R V E  
T H A T   L I E S   A T  A G I V E N   A R C L E N G T H   F R O M   T H E  X I N T E R C E P T  
C A L L   C A L C X   ( F U N X T R T S T N T X T S I )  
Y I S F ( X )  I S  EQ A S O L V E D   F O R  Y I N  TERMS OF X 
Y = Y I S F ( X )  
GO TO 175  
R = Y  
s = Y  
C A L C Y   ' C A L C ' U L A T E S   T H E   ' Y '   C O O R D I N A T E   O F   T H E   P O I N T   O N   T H E   C U R V E  
T H A T   L I E S  AT A G I V E N   A R C L E N G T H   F R O M   T H E  X I N T E R C E P T .  
C A L L   C A L C Y   ( F U N Y T R T S T N ~ Y T S I T C S )  
X I S F  I S  EQ A S O L V E D   F O R  X I N  T E R M S   O F  Y 
X = X I S F ( Y )  
GO  TO 175  
x = x 1  
Y = Y 1  
I F  ( I C ) 1 8 0 ~ 1 3 5 ~ 1 4 0  
s = Y  
R = Y  
C A L L   C A L C Y   ( F U N Y T R T S T N T Y T S I T C S )  
X = X I S F ( Y )  
GO TO 175  
R = X  




















GO  TO 175 
Y = Y 2  
x = x 2  
GO T O  175 
I F   ( A L ( 1 )  - A R C L l  - A R C L Z  - A R C L 3 ) 1 5 5 * 1 7 0 * 1 8 0  
I F   ( I C ) 1 8 0 ~ 1 6 0 r 1 6 5  
s = x  
C A L L   C A L C X   ( F U N X , R v S . N , X v S I )  
R = X  
GO  TO 175 
Y = V I S F ( X )  
s = Y  
R = Y  
C A L L   C A L C Y   ( F U N Y I R I S T N T Y P S I Y C S )  
X = X I S F ( Y )  
GO  TO 1 7 5  
x = 0.0 
Y = c s  
G X ( 1 )  = X 
G Y ( 1 )  = Y 
I = I + 1  
I F  ( I  - 6 4 ) 1 0 0 ~ 1 0 0 ~ 1 R O  
C O N T I N U E  
R E T U R N  
E N D  
TAGEOUS  TO  USE X  OR Y A S   T H E   I N D E P E N D E N T   V A R I A B L E   D E P E N D I N G   O N  
I N   I N T E G R A T I N G  F O R   T H E   A R C L E N G T H  I T  I S  A T   M O S T   I M E S   M O R E   A D V A N -  
WHERE  ONE I S  O N   T H E   C U R V E .   C R I T P   ( ' C R I T ' I C A L   ' P ' O I N T )   D E T E R M I N E S  
O F   T H E S E   P O I N T S  WE WILL U S E  X A S  T H E   I N D E P E N D E N T   V A R I A B L E   T O  
T H E   P O I N T S   O N   T H E   C U R V E   A T  W H I C H   T H E   S L O P E  IS - B / A .  ON O N E   S I D E  
D E T E R M I N E   A R C L E N G T H   A N D  ON T H E   O T H E R   S I D E  WE WILL U S E  Y AS  THE 
I N D E P E N D E N T   V A R I A B L E .  
S U B R O U T I N E   C R I T P   ( X . F l v C S . D E L T A )  
COMMON A L P H A ,   B E T A  
5 X = X - D E L T A  
F 2  = F 1  
1) + c s  
F = - A L P H A * C S / B E T A + X * * ( A L P H A  - l.)*(l. - X + * A L P H A ) * * ( l . / B E T A  - 1. 
IF ( F / F 2 ) 1 0 1 3 5 , 3 5  
10 I F   ( A B S (   F )   - ~ 0 0 0 0 1 ) 4 0 ~ 4 0 ~ 1 5  
20 D E L T A  = D E L T A / 2 .  
1 5  X = X + D E L T A  
F = -ALPHA*CS/BETA*X** (ALPHA - l.)*(l. - X * * A L P H A ) + * ( l . / B E T A  - 1. X = X - D E L T A  
1 )  + c s  










I F  ( F / F 2 ) 2 5 1 3 0 ~ 3 0  
I F   ( A B S (   F )  - . 0 0 0 0 1 ) 4 0 ~ 4 0 ~ 1 5  
F2 = F 
GO TO 20  
F 2  = F 
GO  TO 5 
R E T U R N  
E N D  
S I N T G   ' S ' U B R O U T I N E   F O R   ' I N T ' E G R A T I O N   B Y   ' G ' A U S S I A N   Q U A D R A T U R E  
T H I S   U B R O U T I N E   U S E S   G A U S S I A N   Q U A D R A T U R E  TO I N T E G R A T E   F O R   T H E  
A R C L E N G T H  
S U B R O U T I N E   S I N T G   ( F X V R I S ~ N ~ A R C L )  
D I M E N S I O N   G P ( 6 4 ) r   G W ( 6 4 )  
COMMON  ALPHA.   BETA9 PI G P t  GW 
S P R Z  = ( S  + R 1 / 2 .  
SMR2 = ( S  - R ) / 2 .  
A R C L  = 0.0 




















U = S M R L * G P ( I )  + S P R Z  
V = - S M R 2 * G P ( I )  + S P R Z  
A R C L  = A R C L + S M R 2  
R E T U R N  
E N D  
5 ARCL = A R C L  + G W ( I ) * ( F X ( U )  + F X ( V ) )  
FUNX I S  T H E   I N T E G R A N D   O F   T H E   A R C L E N G T H   I N T E G R A L  IN T E R M S   O F  X 
F U N C T I O N   F U N X ( X )  
FUNX = S(JRT(1 .  + ( ( A L P H A / ( B E T A + P ) ) * + 2 ) * ( X * ~ ( 2 . * ( A L P H A  - l . ) ) ) * ( A B  
R E T U R N  
E N D  
COMMON  ALPHA,  BETA,  P 
1S( (1. - X + + A L P H A ) / P ) ) * * ( 2 , ~ ( l . / B E T A  - 1 . ) ) )  
FUNY I S  T H E   I N T E G R A N D   O F   T H E   A R C L E N G T H   I N T E G R A L  I N  T E R M S   O F  Y 
F U N C T I O N   F U N Y ( Y )  
FUNY = S Q R T ( 1 .  + ( ( B E T A + P / A L P H A ) + ~ Z ) + ( Y * ~ ( 2 . * ( B E T A  - 1.) ) ) * ( ( A B S (  
R E T U R N  
E N D  
COMMON  ALPHA,   BETA,  P 
1 1. - P * Y + * B E T A ) ) * * ( 2 . + ( 1 . / A L P H A  - 1 . ) ) ) )  
C A L C X   ' C A L C ' U L A T E S   T H E ' X '   C O O R D I N A T E   O F   T H E   P O I N T   O N   T H E   C U R V E  
T H A T   L I E S   A T  A G I V E N   A R C L E N G T H   F R O M   T H E  X I N T E R C E P T  
S U B R O U T I N E   C A L C X   ( F X T R T S T N T X T S I )  
D E L T  = - . I  
A R P  = 0.0 
R P  = R 
RA = 0.0 
A R A H  = S I  
5 R = R + D E L T  
I F  ( R ) 1 0 , 1 0 , 1 5  
10 R = 0.0 
15 C A L L   S I N T G   ( F X T R T S T N T A R C L O )  
20  I F   ( A B S (  S I  - A R C L O )  
I F   ( S I  - A R C L O ) ~ ~ T ~ ~ T ~ ~  
25 ARP = ARCLO 
R P  = R 
R = R P  + ( R A  - R P ) +  
GO T O  1 5  
30 I F  ( A B S (   S I  - A R C L O )  
35 A R A H  = ARCLO 
RA = R 
R = R P  + ( R A  - R P ) *  
GO  TO 15 
4 0 X  = R  
R E T U R N  
E N D  
-.00001) 40 
SI - A R P ) /  
-.00001)40 
S I  - A R P ) /  
409 25 
A R A H  - A R P )  
40, 35 
ARAH - A R P )  
C A L C Y   ' C A L C ' U L A T E S   T H E   ' Y '   C O O R D I N A T E  OF T H E   P O I N T   O N   T H E   C U R V E  
T H A T   L I E S   A T  A G I V E N   A R C L E N G T H   F R O M   T H E  X I N T E R C E P T .  
S U B R O U T I N E   C A L C Y   ( F Y T R T S T N T Y I S I T C S )  
D E L T  = .1 
ARP = 0.0 
S P  = s 
SA = CS 
A R A H  = S I  
I F  (CS - S ) 1 O r 1 O T 1 5  
5 S = S + O E L T  
























































15 C A L L   S I N T G   ( F Y , R , S T N T A R C L O )  
I F  ( S I  - A R C L 0 ) 3 0 ~ 4 0 , 2 0  
2 0  I F  ( A B S (   S I  - A R C L O )  -.00001)40~ 
2 5  A R P  = A R C L O  
S P  = s 
G O   T O  15  
S = S P  + ( S A  - S P ) * ( S I  - A R P ) / I  
30 I F  ( A B S (  S I  - A R C L O )  -.00001)40r 
35 A R A H  = A.RCLO 
S A  = S 
40725 
A R A H  - A R P )  
407 35  
S = SP + ( S A  - S P ) * ( S I  - A R P ) / ( A R A H  - A R P )  
G O   T O  1 5  
4 0 Y  = S  
R E T U R N  
E N D  
G E T A   ' G E ' N E R A T E S  A ' T A ' B L E   O F ( G X ( I ) r G Y ( I ) )   V E R S U S   € ( I )  WHERE 
€ ( I )   A R E   T H E   A N G L E S   T H E   R A D I I   T O   T H E   I M A G E   P O I N T S   O F   ( G X ( I I T G Y ( I ) )  
O N   T H E   U N I T   C I R C L E   M A K E  WITH T H E   A B S C I S S A  I N  T H E   I M A G E   P L A N E .  
T H I S   T A B L E  I S  T H E N   M A D E   S U I T A B L E   F O R   F O U R I E R   A N A L Y S I S   W H I C H  I N  
M A P P I N G .  
T U R N   Y I E L D S   T H E   D E S I R E D   C O E F F I C I E N T S T   C N ( I ) ,   F O R   T H E   C O N F O R M A L  
N O T E  - T H I S   U B R O U T I N E  WILL N O T  I N  I T S   P R E S E N T   F O R M   H A N D L E   C U R V E S T  
E Q   A , W I T H   A L P H A   N D / O R   B E T A   S U C H   T H A T   H E   C U K V E   H A S   A N G U L A R   P O I N T S  
I.€, A L P H A   N D / O R   B E T A  .LE. 1. 
T H I S   U B R O U T I N E   Y I E L D S   A C C U R A T E   R E S U L T S   F I I R   A L P H A   N D / O R   B E T A  
DOWN T O  1.6 . T H E   T O L E R A N C E S  I N  T H E   S U B R O U T I N E   A R E   S E T  SO T H A T  
T H I S   U B R O U T I N E   F U N C T I O N S   A C C U R A T E L Y   F O R   A L P H A   N D / O R   B E T A   U P   T O  
10.0. ( A L P H A  = B E T A  = 10.0 I S  E S S E N T I A L L Y  A RECTANGLE. )   FOR 
A L P H A   N D / O R   B E T A . G T . 1 0 . 0   T H E   T O L E R A N C E S   M A Y   H A V E   T O   B E   A D J U S T E O .  
T H E   T A B L E   ( G X ( I ) , G Y ( I ) )   V E R S U S   € ( I )   M U S T   B E   S U C H   T H A T   A S   G X I I )  
S T R I C T L Y   M O N O T O N I C A L L Y   D E C R E A S E S   F R O M  1. TO 0.0 € ( I )  M U S T   S T R I C T L Y  
M O N O T O N I C A L L Y   I N C R E A S E   F R O M  0.0 T O   P I E / Z , O  . A S   A L P H b   A N D / O R  
B E T A   G O E S   F R O M  1.6 T O  1.0 T H E   T A B L E   G E N E R A T E 1 1   B E C O M E S   I N C R E A S I N G L Y  
L E S S   A C C U R A T E   B Y   R E A S O N   T H A T   H E   A B O V E   M E N T I O N E I I   M D N O T O N I C I T Y  I S  
N O T   O B T A I N E D  I N  T H E   B E G I N N I N G   A N D   E N D   O F   T H E   T A B L F .   T H I S   L A C K  
O F   M O N O T O N I C I T Y   A T   H E   N D S   O F   T H E   T A B L E   H O W E V E R   D O E S   N O T   E X T E N D  
B E T A  = 1. ( B / A = l . )   O N L Y   T H E   F I R S T   F O U R   E N T R I E S  AN[) T H E   L A S T   S I X  
S A T I S F Y I N G   T H E   M O N O T O N I C I T Y   K E Q U I R E ' I E N T .   I T   I S   S U G G E S T E D   T H A T  
E N T R I E S   O F   T H E  64 E N T R Y   T A B L E   A R E   D E F E C T I V E   B Y   R E A S O N   O F  MI)T 
T H O S E  WHO A R E   I N T E R E S T E D  I N  T H E   R A N G E   1 . L t .   A L P H A   N D / O R   B E T A   . L T .  
1.6 T H A T   I F   A L P H A   N D / O R   B E T A   L I E S   I N   T H I S   R A N G E   T H E   T A B L E  
( G X ( I ) , G Y ( I ) )   V E R S U S   € ( I )   B E   T R A N S F E R R E D   T O  A S l l B R O U T I N E   T H A T   W I L L  
D E T E R M I N E   T H E   D E G R E E   O F   L A C K   O F   M U N U T O N I C I T Y   A h D   S U P P L Y  NEW 
E N T R I E S   F O R   T H E   N D S  OF T H E   T A B L E   I T H E R   B Y   E X T R k P O L A T I O N   F R O M   T H E  
I N T E R I O R   O F   T H E   T A B L E  OR B Y  SLIME OTHER  METHOD.  
T H E   O R I G I N A L   T A B L E   C A N   B E   I M P R O V E D   S L I G H T L Y , A T   H E   X P E N S E   O F  
A M P L E   F O R   T H E   A B O V E   M E N T I O N E D   C A S E  ( A L P H A = B E T A = B / A =  1.0) U S I N G  
96 P O I N T   G A U S S I A N   Q U A D R A T I J R E  WE G E N E R A T E  A 96 E N T R Y   T A B L E   O F   W H I C H  
S O N   O F   N O T   S A T I S F Y I N G   T H E   M O N O T O N I C I T Y   R E Q U I K E M E N T .  
U S E   O F   D O U B L E   P R E C I S I O N   Y I E L D E D   N O   S I G N I F I C A N T   I M P R O V E M E N T .  
A S   T H I S   U B R O U T I N E   S T A N D S  I T  G I V E S   A C C U R A T E   R E S U L T S   F O R   1 / 3 . L E . B / A  
.LE. 3. S M A L L   E N L A R G E t M E N T S   O F   T H I S   K A I V G E   O F   B / A   R E   G A I N E D   I F  
M O R E   G A U S S I A N   P O I N T S   A R E   I J S E D .   F O R   O U R   P U R P O S E S  64 P O I N T   G A U S S I A N  
O F   B / A  I N  W H I C H   S U F F I C I E N T   A C C U R A C Y   I S   A C H I E V E D   A N D   T H E   N I J M B E R   O F  
Q U A D R A T U R E  WAS O P T I M A L   C O N S I D E R I N G   P R O G R A M   E X E C U T I O N   T I M E T   R A N G E  
S I G N I F I C A N T   C O E F F I C I E N T S   O B T A I N E D  F O R   T H E   C O N F O R M A L   M A P P I N G .   F O R  
THE  RANGE  -5 .LE .   B /A .LE .  2. O F T E N  50 OR L F S S   I J O N - Z E R O  ( TO  FOUR 
- P L A C E   A C C U R A C Y )   C O E F F I C I E N T S   A R E  O B T A I N E D   ( I . E .   T H E   P O L Y N O M I A L  
F A R   I N T O  'THE T A B L E .   F O R   E X A M P L E ,   F O R   T H E   X r R E M E   C A S E  OF A L P H A  = 
I N C R E A S E D   E X E C U T I O N   T I M E T   B Y   U S I N G   M O R E   G A U S S I A N   P L J I N T S -   F O R   E X -  














































R E P R E S E N T I N G   T H E ' C O N F O K M A L   M A P P I N G   I S  O F   D E G R E E  99 OR L E S S ) .  ( B y  
S Y M M E T R Y   T H E   C O E F F I C I E N T S   O F   E V E N   O R D E R   T E R M S   A R E   I D E N T I C A L L Y   Z E R O  
T H E R E F O R E   T H E   C O M P U T E R   P R O G R A M   G E N E R A T E S   O N L Y   C O E F F I C I E N T S   F O R   O D D  
ORDER TERMS 1. 
C O E F F I C I E N T S  A R E   O B T A I N E D   ( C O N F O R M A L   M A P P I N G  P O L Y N O M I A L   I S   O F  
FOR  THE  RANGE 1./3..LE.B/A.LE.3.USUALLY 200 OK L E S S   N D N - Z E R O  
DEGREE 399 OR L E S S ) .   ' S I N C E   M A N Y   M E T H O D S   I N V O L V I N G   C O N F O R M A L  
M A P P I N G   B E C O M E   I M P R A C T I C A L   F O R   S H A P E S  WHOSE  CONFORMAL  MAPPING 
P O L Y N O M I A L  I S  O F   H I G H   D E G R E E  WE C H O S E   T O   S T O P   D E V E L O P I N G   T H E  
RANGE I S  A L R E A D Y  I N V O L V E D   W I T H  CONFORMAL M A P P I N G   P O L Y N O M I A L S  O F  
PROGRAM WHEN  THE RANGE  1./3.LE, BIA.LE.3. WAS O B T A I N E D   S I N C E  T H I S  
DEGREE 399, 
A S  A R U L E   O F   T H U M B   T H E   N U M B E R   O F   N O N - Z E R O   C O E F F I C I E N T S   I N C R E A S E  
A S   B / A   M O V E S   F R O M  1. A N D / O R   A S   A L P H A   N D / O R   B E T A   M O V E S   F R O M  2.0. 
A S   B / A   P R O G R E S S E S   F R O M   T H E   R A N G E   . 2 5 . L E . B / A . L E . 4 .   T H E   T A B L E  
N O T   S A T I S F Y I N G   T H E   M O N O T O N I C I T Y   R E Q U I R E M E N T .  
A L L   C O M M E N T S   M A D E   C O N C E R N I N G   A C C U R A C Y   A N D   I M P R O V E M E N T   O F   T A B L E S  
FOR  1 .O.LE.   ALPHA  ND/OR  BETA.LT.1 .6   APPLY  EQUALLY  WELL  FOR  TABLES 
W I T H   B / A   O U T S I D E   T H E   R A N G E   . 2 5 . L E O R / A . L E . 4 . 0 .  
( G X ( I I T G Y ( 1 ) )   V E R S U S   E ( I 1   B E C O H E S   I N C R E A S I N G L Y   F A U L T Y   B Y   R E A S O N   O F  
D I M E N S I O N   P H I ( 6 4 ) r   C U R V E ( ~ ~ ) I T H E T A ( ~ ~ I ~ ~ ) ~   E ( 6 4 ) , C N (   5 0 0 1 . 9  
S U B R O U T I N E   G E T A   ( C N T A R C L )  
l G P ( 6 4 1 9   G W ( 6 4 ) r   G X ( 6 4 1 ~   G Y ( 6 4 1 ~   X I ( 5 0 0 ) ~   A N ( 5 0 0 )  
COMMON A L P H A ?   B E T A ?   P t  GPI GWI GX, GY 
U N D E R Z ( ' 0 F F ' )   C A U S E S   U N D E R F L O W   E R R O R   M E S S P G E S   N O T   O   B E   W R I T T E N .  
PROGRAM  UNDERFLOWS I N  T H E   P R O C E S S   O F   D E T E R M I N I N G   T H E   C U R V A T U R E  
( S E E   C U R V E ( 1 )  RELClW 1 A T   V A R I O U S   P O I N T S   O N   T H E   C U R V E .   S I N C E   T H E  
U N D E R F L O W   D O E S   N O T   I N V A L I D A T E   T H E   C O t 4 P U T A T I O N S   M A D E   I N   D E T E R M I N I N G  
T H E   C U R V A T U R E   T H E   F A C T   H A T  A UNOERFLOV  MAY  OCCUR I S  OF  NO  CONSE- 
Q U E N C E .   U N D E R Z ( ' 0 F F ' )   O F   C O U R S E ?   S H O U L D   6 ED E L E T E D  I N  T H E  
D E V E L O P M E N T A L   S T A G E   O F   A N Y   M O D I F I C A T I O N  OF T H I S   U B R O U T I N E .  
F O R   S O M E   C U R V E S ?   S A Y   B / A  = 2. 9 A L P H A  = B E T A  = 10. 9 T H E   C O M P U T E R  
C A L L   U N D E R Z ( ' 0 F F ' )  
I N  T H E   C O U R S E   O F   S E T T I N G   U P   T H E   S Y S T E M   O F   L I N E A R   E Q U A T I O N S   W H I C H  
R E P L A C E   T H E   I N T E G R A L   E Q U A T I O N  ( S E E   T E X T  WE N E E D   T O  D E T E R M I N E   A T  
( G X ( I ) l G Y ( I ) ) r   T H E   A N G L E   T H E   U U T W A R D   N O R M A L  M A K E S  W I T H   T H E   P O S I -  
S E C T I O N   O F   T H E   S U R R O U T I N E   C O M P U T E S   T H E S E   V A L U E S .  
E A C H   P O I N T   O N   T H E   C U R V E   U S E D   I N   T H E   G A U S S I A N   Q k J A D R A T U R E ?  
T I V E   X - A X I S I P H E ( I ) r   A N D   T H E   C I J R V A T U R E ,   C U R V E l I ) .   T H E   F U L L O W I N G  
DO 20 I = l r 6 4  
X = G X ( I )  
I F  ( l . / B E T A  - 1 . ) 5 r 1 5 r 1 5  
5 I F  ( A B S (  1. - X * * A L P H A )  -.0000001 
10 P H I ( 1 )  = 0.0 
C U R V E ( 1 )  = 0.0 
GO TO 20  
1 5   D Y X  = - A L P H A * X * * ( A L P H A  - l . ) * : ( A B S  
P H I ( 1 )  = 1.57079632 + A T A N ( D Y X 1  
I . ) / ( B E T A + P )  
) 10, 1 5 7 1 5  
( 1. - X * + A L P H A I / P ) * * ( l . / R E T A  - 1 
D D Y X  = - A L P H A * ( A L P H A  - l . ) * X * * ( A L P H A  - 2 . ) * ( A B S (  1, - X + + A L P H A ) / P )  
l * * ( l . / R E T A  - I . ) / ( B E T A * P )  i A L P H A + * Z * ( I . / B E T A  - I . ) * X * * ( Z . * A L P H A  - 
2 2 . ) * . ( A B S (  1. - X * * A L P H A ) / P I = * ( l . / R E T A  - 2 . ) / ( B E T A * P + * Z )  
I F ( A B S (   D Y X ) - O . l O E + 1 4 )   1 8 ~ 1 8 ~ 1 6  
16 C U R V E I I )  = 0.0 
GO T O  20  
18 C U R V E ( 1 )  = A B S (   D O Y X ) / ( ( l .  + D Y X * * 2 ) * * 1 . 5 )  
2 0  C O N T I N U E  
T H E   F O L L O W I N G   S E C T I O N   G E N E R A T E S   T H E   C O E F F I C I E N T S ,   T H E T A ( I T J ) ,   O F  
T H E   L I N E A R   S Y S T E M  OF E Q U A T I O N S .  
CONST = 0.0 

























D O  22  I = 1964 
DO 55 N=1964 
T H E T A ( I 9 J )  = 0.0 
DO 5 0  I = l 9 6 4  
P H E  = P H I ( 1 )  
I F  ( 1  - N I 3 5 r 3 0 r 3 5  
G l r G 2 9 G 3 A N D  64 A R E   T H E   K E R N E L S   O F   T H E   I N T E G R A L   E Q U A T I O N  I N  T H E  
F I R S T 9   S E C O N D 9  T H I R D ,   A N D   F O U R T H   Q U A D R A N T S   R E S P E C T I V E L Y .  
G 1   = + . 5 * C U R V E ( N I  
GO  TO 40 
G 1  = ( ( G X ( I )   - G X ( N ) ) * C O S ( P H E )  + ( G Y ( I )  - GY(N))*SIN(PHE))/((GX(I) - G X ( N ) ) * * Z  + ( G Y ( I )  - G Y ( N ) ) * * 2 )  
62 = ( ( G X ( I )  - G X ( N ) ) * C O S ( P H E )  + ( G Y ( I )  + GY(N))*SIN(PHE))/((GX(I) - G X ( N ) I * * Z  + ( G Y ( I )  + G Y ( N ) ) * * Z )  
63 = ( ( G X ( 1 )  + G X ( N ) ) * C O S ( P H E )  + ( G Y ( I )  + GY(N))*SIN(PHE))/((GX(I) 
1 + G X ( N ) ) + * Z  + ( G Y ( 1 )  + G Y ( N ) ) * * Z )  
64 = ( ( G X ( 1 )  + G X ( N ) ) * C O S ( P H E )  + ( G Y ( I )  - GY(N))*SIN(PHE))/((GX(I) 
1+ G X ( N ) ) * * Z  + ( G Y ( I )  - G Y ( N ) ) * * Z )  
T H E T A ( N - I )  = - A R C L * G W ( I ) * ( G l  - G Z  + 63  - G 4 ) / ( 2 . * 3 - 1 4 1 5 9 2 6 5 )  
CON = A R C L * ( G 3  + 64 + Z . + G Z ) + G W ( I ) / Z .  
C O N S T  = C O N S T  + CON 
I F  ( I  - N ) 5 0 r 4 5 ~ 5 0  
45 T H E T A ( N 9 I )  = T H E T A ( N 9 1 )  + 1. 
50 C O N T I N U E  
55  C O N S T  = 0.0 
T H E T A ( N , 6 5 )  = C O N S T  
DO 65 N= 1964 
A T A l  IS T H E   A N G L E   T H E   P O S I T I O N   V E C T O R  OF ( G X ( I ) r G Y ( I ) )   M A K E S   W I T H  
T H E   P O S I T I V E   X - A X I S .  
A T A l  = A T A N ( G Y ( N ) / G X ( N ) )  
I F  ( A B S (  1. - G X ( N ) )  - ~ 0 0 0 0 0 0 1 ) 5 7 ~ 5 8 ~ 5 8  
57  A T A Z  = 3.14159265/2. 
GO  TO 60 
A T A Z  I S  THE  ANGLE  THE  VECTOR  FROM 
( G X ( I ) , G Y ( I ) )   M A K E S   W I T H   T H E   N E G A  
5 8   A T A Z  = A T A N ( G Y ( N ) / ( l .  - G X ( N ) ) )  
L E T  A T R I A N G L E   H A V E   V E R T I C E S  (010 
P O I N T  (1.0) T O   P O I N T  
T I V E   X - A X I S .  
A T A l   N D   A T A Z   A R E   I N T E R I O R   A N G L E S .   B N  I S  T H E   T H I R D   I N T E R I O R  
ANGLE. ( S E E   T X T . )  
) , ( G X ( I ) r G Y ( I ) ) ,   A N D  ( 1 9 0 ) .  
60 E N  = 3.14159265 - A T A l  - A T A Z  
2000 F O R M A T   ( E Z 0 . 8 )  
65 T H E T A ( N V 6 5 )  = T H E T A ( N 9 6 5 )  - Z - * B N  
NO = 64 
C S I M E Q   I S A S T A N D A R D   S I M U L T A N E O U S   E Q U A T I O N   S O L V E R .  € ( I )  I S  T H E  
C S O L t J T I O N .  
C 











C A L L   S I M E Q   ( T H E T A T E T N O T M I S C U E )  
I F  ( M I S C U E  - 1 ) 7 5 ~ 7 8 r 7 0  
W R I T E  (694000 ) 
W R I T E  (695000) 
FORMAT ( 1 6 H  S I N G U L A R   A N S W E R )  
FORMAT ( 5 H  G O O F )  
C O N T I N U E  
T H E   T A B L E   ( G X ( I ) , G Y ( I ) )   V E R S U S  E ( I )  G E N E R A T E D   T H U S   F A R   A L T H O U G H  
F O R M   T H E   T A B L E  IS U N S U I T E D   F O R   F O U R I E R   A N A L Y S I S .   T H I S   N E X T  
X I  A N D   A N   C O R R E S P O N D I N G   T O  GX A N D  E R E S P E C T I V E L Y .  
H I G H L Y   A C C U R A T E   I S   U N E V E N L Y   S P A C E D   A N D   C O U R S E 9   T H U S   I N   I T S   P R E S E N T  
S E C T I O N   G E N E R A T E S  A F I N E R ,   E V E N L Y   S P A C E D   T A B L E   X I ( I )   V E R S U S   A N ( I ) T  
23 
L 
DT = . 0 0 3 1 4 1 5 9 2 6 5  
X I ( 1 )  = 1.00 
ANG = 0.0 
A N I 1 1  = 0.0 
7 9 M  = 1 
DO 80 I = 2 1  500 
ANG = ANG + DT 
AN(  I ) = ANG 
M = M + 1  
GO TO 7 9 5  
7 9 5   I F ( A N G  .LT. E ( M  + 1 ) )  GO TO 796 
C 
C INTERP  PERFORMS A S I X T H  DEGREE  LAGRANGE  INTERPOLATION. 
C 
7 9 6   C A L L   I N T E R P ( A N G T E T G X T X I D T M )  
80 X I  ( I )  = X I D  
C 
C T H I S   L A S T   S E C T I O N  PERFORMS A F O U R I E R   A N A L Y S I S  ON THE  TABLE X I ( I )  
C VERSUS A N I 1 1  TO GENERATE  HE D SIRED  CONFORMAL  MAPPING 
C C O E F F I C I E N T S T   C N ( I ) .  
r 
L 
DO 90 I = I T  3 9 9 r 2  
A = I  
C N I  = 0.5 
DO 8 5  K = 2 7  5 0 0  
8 5   C N I  = C N I  + X I ( K ) * C O S ( A * A N ( K ) )  





C A STANDARD  SIMULTANEOUS  EQUATIONS  SOLVER 
C 
S U B R O U T I N E   S I M E Q   I D T A T N O T M I S C U E )  
D I M E N S I O N  D ( 6 4 ~ 6 5 ) ~  A ( 6 4 )  
1 I = N O  
2 J = N O + l  
3 I A = I - 1  
4 DO 2 3  N = IT I A  
5 DMAX = 0.0 
6 DO 10 K = N T  I 
7 I F   ( A B S I  DMAX) - A B S (   D ( K r N ) ) )  8 7  8 r  10 
0 DMAX = D ( K , N )  
9 H = K  
10 CONTINUE 
13 RETURN 
1 2   M I S C U E  = 2 
14 MISCUE = 1 
16 DT = D I M T L )  
1 9  I B = N +  1 
18 D ( N T L )  = DT 
11 I F  ( D M A X )   1 4 t  1 2 ~  14 
1 5  DO 18  L = N T  J 
17 D ( M T L )  = D ( N T L )  
2 0  00 2 3  L = 181 I 
2 1  CONST = - D ( L v N ) / D ( N T N )  
2 2  DO 2 3  K = N, J 
2 3  D ( L T K )  = CONST*D(N,K)  + D ( L 9 K )  
24 A ( I )  = D ( I I J I / D ( I T I )  
2 5 I C = I - l  
2 6  00 3 2  N = I T  I C  






28  SUM = 0.0 
29  I D  = L + 
30 DO 3 1  K = 
33 SUM = SUM 
32 A ( L )  = ( D  




I L V J  
+ A  
INTERG PERFORMS A SIXTH DEGREE  LAGRANGE INTERPOLATION- 
SUBROUTINE  INTERP(ANG,E,GX,XID,H) 
DIMENSION E ( 6 4 ) , G X ( 6 4 ) r D D E N ( 6 4 ) r D N U M ( 6 4 )  
IF( M.GE. 3 )  GO TO 5 
GO TO 10 
M = 3  
M = 6 1  
10 "2 = "2 
MP3 = M+3 
DO 15 I =  MM29MP3 
DNUM(1) = 1.0 
DNUM(1) = DNlJMl I )* (ANG - E ( J ) )  
IF(1.EQ.J) GO 10 15 
DO 2 0  I = MM2,MP3 
DDEN(1) = 1.0 
IF(1.EO.J) GO TO 16 
D = E ( I )  - E I J )  
GO T O  1 7  
5 IF1 M .LE. 6 1 )  GO TO 1 0  
DO 1 5  J=MM2rMP3 
1 5  CONTINUE 
DO 2 0  J = MM2rMP3 
1 6  D = 1.0 
17  DDENII) = D*DDENlI) 
20 CONTINUE 
X I D  = 0.0 
DO 30 I=MM2,MP3 
DD = D N U M ( I ) ~ G X ( I ) / D D E N ( I )  
RETURN 
END 


































































R / A  
A L P H A  






1 1  
1 3  
15 
1 7  
1 9  
2 1  
2 3  
2 5  
27 
2 9  
3 1  
3 3  
3 5  
37 
3 9  
4 1  
4 3  
4.5 
47  
4 9  
5 1  
5 3  
5 5  
57 
5 9  
61 
6 3  
6 5  
6 7  
69 
7 1  
7 3  
7 5  
7 7  
7 9  
8 1 
8 3  
8 5  
87  
H Y  
9 1  
Y .-i 
9 5  
97 
YY 
1.0000 1..0000 1 , 0 0 0 0  1 . 0 0 0 0  
1.6000 2 , 0 0 0 0  3 . 0 0 0 0  5 . 0 0 0 0  
1 . 6 0 0 0  2 . 0 0 0 0  3 . 0 0 0 0  5 . 0 0 0 0  
0 . 9 4 6 6  
-0 00 
0 . 0 3 5 9  
0 00 
0 .0087  
0 00 
0 . 0 0 3 4  
0.0 




0 . 0 9 0 6  
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- 0 . 0 1 4 1  
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0.0 
- 0 . 0 0 3 9  
-0.0 
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-0 ,0092 
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0 . 0 0 1 0  
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0 . 0 2 9 0  
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7 5  
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8 9  
9 1  
9 3  
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0 . 0 0 1 7  
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0 .0015 
0.001.4 
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0 .001?  
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0 . 0 0 0 7  
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0 . 0 0 0 4  
0 . 0 0 0 4  
0 . 0 0 0 4  
0 . 0 0 0 4  
0 . 0 0 0 3  
0 , 0 0 0 3  
0  .OOO3 
0 . 0 0 0 3  
0 .0003  
0 . 0 0 0 3  
0 . 0 0 0 3  
0 . 0 0 0 3  
0 . 0 0 0 3  
o . n n o 8  
0.5000 0 . 5 0 0 0  0 .5000 0 . 5 0 0 0  0.5000 
2 , 0 0 0 0  3.0000 5 . 0 0 0 0  10.0000 1 ,6000.  
2 . 0 0 0 0  3.0000 5 , 0 0 0 0  10.0000 1 0 . 0 0 0 0  
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0 , 0 0 2 9  
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0.001.4 
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0 .   000E 
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-0 .0  0 . 0 0 0 5  
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2 9  
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0 . 0 0 0 1  -0.0 
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0.0 -0 .0  
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0 . 0 0 0 1  -0.0 
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-0 .1147 
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4 7   - 0 . 0 0 3 5  
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1 2 5   0 . 0 0 0 5  
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1 3 3   0 . 0 0 0 4  
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0 . 0 0 0 1  
-0 .000 1 
0 . 0 0 0 1  
- 0 . 0 0 0  1 
0 . 0 0 0 1  
















- 0 . 0  







0 . 0 0 1 7  
-0 .00  1 3  
0.0010 
- 0 . 0 0 0 7  
0 .0005 




0 . 0 0 0 1  
-0 . 0 0 0  1 
0 . 0 0 0 1  
-0 .000  1 
0 . 0 0 0 1  
-0 . 0 0 0  1 
0 . 0 0 0 1  
-0 .000 1 












-0 .0  
0 .0  
-0 .0  
0.0 
-0.0 
















- 0 . 0 0 2 6  
0 .0032 
-0 . 0 0   3 5  
0 . 0 0 3 3  
-0 .0029 
0 . 0 0 2 3  
-0 .0016 
0 . 0 0 0 9  
- 0 . 0 0 0 3  




-0 .00  11 
0.001.0 
- 0 . 0 0 0 9  
0 .0007 
- 0 . 0 0 0 4  
0 . 0 0 0 2  
0 .  0 
- 0 . 0 0 0 2  
0 .   0 0 0 3  
- 0 . 0 0 0 4  
0 .   0 0 0 4  
- 0 . 0 0 0 4  
0 . 0 0 0 4  
- 0 . 0 0 0 3  
0 . 0 0 0 2  
- 0 . 0 0 0 1  
0. : j  
0.0001. 
- 0 . 0 0 0 1  
0 . 0 0 0 2  
- 0 . 0 0 0 2  
0 . 0 0 0 2  
- 0 . 0 0 0 2  
0 . 0 0 0 1  





-0 . 0 0 0  1 
0.0001 
-0 . 0 0 0  1 
0 .0001 
-0 . 0001 




0 . 0 0 8 0  
-0 .0072 
0 .0057  
- 0 . 0 0 3 9  
0 .0018 
0.0001 
-0  . 0 0  18 
0 . 0 0 3 1  
- 0 . 0 0 3 9  
0 . 0 0 4 2  
- 0 . 0 0 3 9  
0 . 0 0 3 3  
- 0 . 0 0 2 4  
0 . 0 0 1 4  
- 0 . 0 0 0 3  
-0 . 0 0 0 7  
0 . 0 0 1 6  
- 0  . 0 0 7  1 
0 . 0 0 2 4  
- 0 . 0 0 2 4  
0 . 0 0 7 2  
- 0 . 0 0 1 7  
0 . 0 0 1 1  
- 0 . 0 0 0 4  
" 0 . 0 0 0 3  
0 . 0 0 0 8  
" 0 . 0 0 1 3  
0 . 0 0  15 
-0.001.6 
0 . 0 0 1 5  
-0 .0012 
0 . 0 0 0 9  
- 0 . 0 0 0 4  
-0 .o 
0 . 0 0 0 4  
-0 .0008 
0.0010 
-0.00 1 1 
0.0010 
-0 .0009 
0 .0007  
-0 . 0 0 0 4  
0.0001 




0 , 0 0 0 8  
- 0 . 0 0 0 7  
- 0 . 0 0 2 3  
0 . 0 0 1 5  
-0 .O006 
-0.0001. 
0 . 0 0 0 6  
-0.0008 
0 ,0009  
- 0 . 0 0 0 8  
0 . 0 0 0 6  
- 0 . 0 0 0 3  
0 . 0 0 0 1  
0 .0002  
- 0 . 0 0 0 3  
0 . 0 0 0 4  
- 0 . 0 0 0 4  
0 . 0 0 0 3  






- 0 . 0 0 0 1  
0 . 0 0 0 1  
-0.0 
- 0  .0 
0 . 0 0 0 1  
-0 .000  1 
0 . 0 0 0 1  




















R / A  
ALPHA 




1 4 3  
1 4 5  
1 4 7  
1 4 9  
1 5 1  
1 5 3  
15ij 
1 5 7  
159  
161 
1 6 7 
1 6 5  
167  
169  
1 7 1 
1 7 3  
1 7 5  
1 7 7  
1 7 9  
181 
1 a 3  
185  
1 8 7  
1 8 9  
191 
1513 
1 9 5  
1 9 7  
1 9 9  
2 0  1 
2 0 3  
2 0  5 
2 0 7  
2 0 9  
2 1 1  
2 1 3  
2 1 5  
2 1 7  
2 1 9  
2 2  1 
2 2 3  
2 2 5  
7 2 7  
2 7 9  
2 3 1. 
2 3 3  
2 3 5  
2 3 7  
2 . 0 0 0 0  
1.6000 
1.6OOO 
- 0 . 0 0 0 4  
0 . 0 0 0 4  
- 0 . 0 0 0 4  
0 .0003  
" 0 . 0 0 0 3  
0 . 0 0 0 3  
- 0 . 0 0 0 3  
0 . 0 0 0 3  
- 0 . 0 0 0 3  
0 .0003  
- 0 . 0 0 0 3  
0 . 0 0 0 3  
- 0 . 0 0 0 3  
0 . 0 0 0 3  
- 0 . 0 0 0 3  
0 . 0 0 0 2  
- 0 . 0 0 0 2  
0 . 0 0 0 2  
- 0 . 0 0 0 2  
0 . 0 0 0 2  
- 0 . 0 0 0 2  
0 . 0 0 0 2  
- 0 . 0 0 0 2  
0 . 0 0 0 2  -@. 0 0 0 2  
0 .0002  
- 0 . 0 0 0 2  
0 . 0 0 0 2  
- 0 . 0 0 0 2  
0 . 0 0 0 2  
- 0 . 0 0 0 2  
0 . 0 0 0 2  
- 0 . 0 0 0 2  
0 .on02  
- 0 . 0 0 0 1  
0 . 0 0 0 1  
- 0 . 0 0 0  1 
0 .0001 
- 0 . 0 0 0  1 
0.0001 
-0.000 1 
0 , 0 0 0 1  
-0 ,0001 
0 .0001  
-0.0001 
0 .0001 
- 0 . 0 0 0 1  
0 . 0 0 0 1  
- 0 . 0 0 0 1  
0 . 0 0 0 1  
2 . 0 0 0 0  2 . 0 0 0 0  
2 . 0 0 0 0  3 . 0 0 0 0  




" 0 . 0  
0.0 
-0 .0  
0.0 
-0 .0  
0 .0  
-0 .0 





-0 .0  
0 . 0  
-0 .0  
0.0 
-0 .0  0. 0 
-0 .0  
0 . 0 
- 0  .o 
0.0 
-0 .0  
0.0 
- 0  .0 
0 . 0  
- 0 . 0  













- 0 . 0  
0 .0  
-0 .0 
0 . 0 
-0.0 
0 . I) 





















0 .0  
-0.0 
0 . 0 
-0.0 
0 . 0  
-0 .0 
0.0 




- 0  .o 
0.0 
-0.0 











-0 .0  
0 . 0 
" 0 . 0  
0.0 
- 0  .o 
2 . 0 0 0 0  2 . 0 0 0 0  
5 .0000 10.0000 








-0 .0  
0.0 





















0 . 0 
-0.0 
0 . 0  
-0.0 
0.0 




-0.0 0. 0 
-0.0 
0 .  i) 
-0.0 
0 . 0 
-0.0 
0 . 0  
-0.0 
0 . 0 
-0.0 
0 . 0 0 0 6  
- 0 . 0 0 0 4  
0 . 0 0 0 1  
0 . 0 0 0  1 
- 0 . 0 o 0 3  
0 . 0 0 0 4  
- 0 . 0 0 0 5  
0 . 0 0 0 6  
- 0 . 0 0 0 5  
0 . 0 0 0 4  
- 0 . 0 0 0 3  
0 . 0 0 0 2  
0.0 
-0  , 0 0 0 2  
0 . 0 0 0 3  
- 0 . 0 0 0 4  
0 . 0 0 0 4  
- 0 . 0 0 0 4  
0 . 0 0 0 4  
- 0 . 0 0 0 3  
0 . 0 0 0 2  
-0.0 
-0 .000 1 
0 . 0 0 0 2  
- 0 . 0 0 0 3  
0 . 0 0 0 3  
- 0 . 0 0 0 3  
0 . 0 0 0 3  -0. 0 0 0 2  
0 . 0 0 0 2  
- 0 . 0 0 0 1  
" 0 . 0  
0 . 0 0 0 1  




0 . 0 0 0 1  
- 0 . 0 0 0  1 
0.0 
0 . 0 0 0 1  
" 0 . 0 0 0 1  
0 . 0 0 0 2  
- 0 . 0 0 0 2  
0 . 0 0 0 2  
- 0 . 0 0 0 2  
0 . 0 0 0 1  
" 0 . 0 0 0 1  
0.0 
2 . 0 0 0 0  
1 . 6 0 0 0  





0 . 0 
0 00 
-0.0 
0 .0  
-0.0 































0 . C) 
" 0 . 0  
0 . 0 
-0.0 
0 . 0  
-0 .0 
- 0 . 0 
0 . 0  
- 0 . 0  
0 . 0 
” 
B / A  
ALPHA 


























































-0 . 000 1 
0.0001 
































































0 . 0 
-0.0 




















































0 . 0 
0.0 
-0 . 0 
0.0 



































0 . 0 
0 . 0 
-0.0 
0.0 
0 . 0 
-0.0 



















10 . 0000 10.0000 
0.0 















-0 . 000 1 
0 . 0 
-0.0 
-0.0 












-0 . 000 1 
0.0001 




























































B / A  
ALPHA 







1 1  
1 3  
15 
1 7  
1 9  
2 1  
2 3  
2 5  
27 
2 9  
3 1  
3 3  
35  
37 
3 9  
4 1  
4 3  
4 5  
4 7  
4 9  
5 1  
53  
5 5  
57 
5 9  
6 1  
6 3  
6 5  
67  
6 9  
7 1  
7 3  
7 5  
7 7  
7 9  
8 1  
8 3  
8 5  
87  
8 9  
9 1  
93  
9 5  
9 7  
9 9  
0 . 3 3 3 3  
1 . 6 0 0 0  
1 . 6 0 0 0  
C N ( N I  
0 . 4 0 7 6  
0 . 1 1 3 1  
0 . 0 6 3 2  
0 . 0 4 2 0  
0 , 0 3 1 3  
0 . 0 2 4 5  
0 , 0 2 0 0  
0 . 0 1 6 8  
0 . 0 1 4 5  
0 . 0 1 2 6  
0 , 0 1 1 2  
0 . 0 1 0 0  
0 . 0 0 9 0  
0 . 0 0 8 2  
0 . 0 0 7 5  
0 - 0 0 6 9  
0 . 0 0 6 4  
0 .O060 
0 . 0 0 5 6  
0 .0052 
0 . 0 0 4 9  
0 . 0 0 4 7  
0 . 0 0 4 4  
0 . 0 0 4 2  
0 . 0 0 4 0  
0 . 0 0 3 8  
0 . 0 0 3 6  
0 . 0 0 3 4  
0 . 0 0 3 3  
0 . 0 0 3 2  
0 , 0 0 3 0  
0 . 0 0 2 9  
0 , 0 0 2 8  
0 .0027  
0 . 0 0 2 6  
0 . 0 0 2 5  
0 , 0 0 2 4  
0 .On24 
0 . 0 0 2 3  
0 . 0 0 2 2  
0 .0022  
0 . 0 0 2 0  
0 . 0 0 2 0  
0 .0019  
0 . 0 0 1 9  
0 . 0 0 1 8  
0 . 0 0 1 8  
0 . 0 0 1 7  
0.0(117 
o . o o 2 1  
0 . 3 3 3 3  
2 .0000  
2 . 0 0 0 0  
C N ( N )  
0 . 4 1 6 2  
0 . 1 2 5 4  
0 . 0 7 0 1  
0 . 0 4 7 3  
0 , 0 3 5 0  
0 .0275  
0 . 0 2 2 4  
0 .0187  
0 . 0 1 6 0  
0 . 0 1 3 9  
0 . 0 1 2 2  
0 . 0 1 0 8  
0 . 0 0 9 7  
0 . 0 0 8 8  
0 . 0 0 8 0  
0 . 0 0 7 3  
0 . 0 0 6 7  
0 .0062  
0 . 0 0 5 7  
0 . 0 0 5 3  
0 .0050 
0 . 0 0 4 6  
0 . 0 0 4 3  
0 , 0 0 4 1  
0 , 0 0 3 8  
0 . 0 0 3 6  
G, 0 0 3 4  
0 . 0 0 3 2  
0 . 0 0 3 1  
0 . 0 0 2 9  
0 . 0 0 2 8  
0 . 0 0 2 7  
0.0025 
0 . 0 0 2 4  
0 . 0 0 2 3  
0 .0022  
0 .002  1 
0 . 0 0 2 0  
0 , 0 0 1 9  
0 .0019  
0 .0018  
0 , 0 0 1 7  
0 .0017  
0 . 0 0 1 6  
0.001.5 
0 . 0 0 1 5  
0 , 0 0 1 4  
0 . 0 0 1 4  
0 . 0 0 1 3  
0 . 0 0 1 3  
0 . 3 3 3 3  
3 . 0 0 0 0  
3 .0000  
C IN ( N ) 
0 . 4 2 2 4  
0 .1368  
0 . 0 7 9 1  
0 , 0 5 4 6  
0 . 0 4 1 0  
0 . 0 3 2 4  
0 . 0 2 6 5  
0 . 0 2 2 2  
0 , 0 1 9 0  
0 . 0 1 6 4  
0 . 0 1 4 4  
0 .0127  
0 , 0 1 1 3  
0 . 0 1 0 1  
0 , 0 0 9  1 
0 , 0 0 8 2  
0 . 0 0 7 4  
0 . 0 0 6 8  
0 . 0 0 6 2  
0 .0057  
0 , 0 0 5 2  
0 . 0 0 4 8  
0 . 0 0 4 4  
0 .0040  
0 .0037  
0 . 0 0 3 4  
0 . 0 0 3 2  
0 . 0 0 3 0  
0 . 0 0 2 7  
0 . 0 0 2 5  
0 . 0 0 2 3  
0 , 0 0 2 2  
0 . 0 0 2 0  
0 . 0 0 1 9  
0.0017 
0 . 0 0 1 6  
0 . 0 0 1 5  
0 . 0 0 1 4  
0 . 0 0 1 3  
0 .0012  
0 . 0 0 1 1  
0 .0010  
0 . 0 0 0 9  
0 . 0 0 0 9  
0 , 0 0 0 8  
0 .0007 
0 , 0 0 0 7  
0 . 0 0 0 6  
0 . 0 0 0 6  
0 . 0 0 0 5  
0 . 3 3 3 3  
5 . 0 0 0 0  
5 .0000 
C N ( I\l 1 
0 , 4 2 4 0  
0 . 1 4 0 4  
0 . 0 8 3 3  
0 . 0 5 8 6  
0 , 0 4 4 7  
0 . 0 3 5 8  
0 . 0 2 9 6  
0 . 0 2 5 0  
0 . 0 2 1 4  
0 . 0 1 8 6  
0 . 0 1 6 3  
0 , 0 1 4 4  
0 .0127  
0 . 0 1 1 3  
0 . 0 1 0 1  
0 . 0 0 9 1  
0 . 0 0 8 1  
0 . 0 0 7 3  
0 . 0 0 6 5  
0 . 0 0 5 9  
0 . 0 0 5 2  
0 . 0 0 4 7  
0 , 0 0 4 2  
0 , 0 0 3 7  
0 , 0 0 3 3  
0 . 0 0 2 9  
0 . 0 0 2 6  
0 . 0 0 2 3  
0 , 0 0 2 0  
0 . 0 0 1 7  
0 . 0 0 1 4  
0 . 0 0 1 2  
0 .0010  
0 , 0 0 0 8  
0 .0006  
0 , 0 0 0 5  
0 . 0 0 0 3  
0 . 0 0 0 2  
0 .0001  
-0.0 
-0 .0002  
-0 .000  3 
- 0 . 0 0 0 4  
-0 .0005  
-0 .0005  
- 0 . 0 0 0 6  
- 0 . 0 0 0 6  
- 0 , 0 0 0 7  
-0 .0007  
-0.ooo2 
0 . 3 3 3 3  
1 0 . 0 0 0 0  
1 0 . 0 0 0 0  
CN(IV)  
0 . 4 2 4 2  
0 . 1 4 1 0  
0 . 0 8 4 1  
0 . 0 5 9 6  
0 .0458  
0 - 0 3 7 0  
0 . 0 3 0 8  
0 . 0 2 6 1  
0 . 0 2 2 5  
0.0197 
0 . 0 1 7 3  
0 .0153  
0 . 0 1 3 6  
0 . 0 1 2 1  
0 , 0 1 0 8  
0 - 0 0 9 6  
0 . 0 0 8 6  
0 . 0 0 7 7  
0 , 0 0 6 8  
0 . 0 0 6 1  
0 . 0 0 5 4  
0 - 0 0 4 7  
0 , 0 0 4 2  
0 . 0 0 3 6  
0 . 0 0 3 1  
0 . 0 0 2 7  
0 . 0 0 2 3  
0 . 0 0 1 9  
0 . 0 0 1 5  
0 . 0 0 1 2  
0 , 0 0 0 9  
0 . 0 0 0 6  
0 . 0 0 0 3  
0 .0001 
- 0 . 0 0 0  1 
- 9 . 0 0 0 3  
-0 .0005  
-0 .0006  
- 0 . 0 0 0 8  
- 0 . 0 0 0 9  
-0 .0010  
-0.00 1 1  
- 0 . 0 0 1 2  
- 0 . 0 0 1 3  
- 0 . 0 0 1 3  
- 0 , 0 0 1 4  
- 0 . 0 0 1 4  
- 0 . 0 0 1 4  
- 0 . 0 0 ! 4  
- 0 . 0 0 1 5  
0 . 3 3 3 3  
1 , 6 0 0 0  
1 0 . 0 0 0 0  
C N ( N )  
0 . 4 2   1 4  
0 . 1 3 6 1  
0 . 0 8 0 1  
0 . 0 5 6 1  
0 . 0 4 2 8  
0 - 0 3 4 4  
0 . 0 2 8 5  
0 . 0 2 4 2  
0 . 0 2 0 9  
0 . 0 1 8 3  
0 . 0 1 6 2  
0 . 0 1 4 4  
0 . 0 1 2 9  
0 .0116  
0 . 0 1 0 5  
0 . 0 0 9 5  
0 .0087  
0 . 0 0 7 9  
0 ,0072 
0 . 0 0 6 6  
0 . 0 0 6 0  
0 . 0 0 5 5  
0 , 0 0 5 0  
0 - 0 0 4 6  
0 , 0 0 4 2  
0 . 0 0 3 8  
0 , 0 0 3 5  
0 , 0 0 3 1  
0 . 0 0 2 8  
0 - 0 0 2 6  
0 . 0 0 2 3  
0 , 0 0 2 1  
0 . 0 0 1 8  
0 . 0 0 1 6  
0 . 0 0 1 4  
0 . 0 0 1 3  
0 . 0 0 1 1  
0 . 0 0 0 9  
0 . 0 0 0 8  
0 . 0 0 0 6  
0 , 0 0 0 5  
0 . 0 0 0 4  
0 . 0 0 0 2  
0 . 0 0 0 1  
0.0 
-0 .000 1 
- 0 . 0 0 0 1  
-0 - 0 0 0 2  
- 0 . 0 0 0 3  
- 0 . 0 0 0 4  
34 
B / A  
ALPHA 
B E T A  
1\1 

























1 5 1  
153 
1 5 5  
1 5 7  
159 










1 8 1  
183 








0 . 3333 
1.6000 
1.6000 











































0  ,0008 
0.0008 
0.0008 












































0 . 0005 
0.0005 













0 . 3333 
3 . 0000 
3 .OOOO 
CN(I \ I )  
0.0005 
0 . 0004 





0 . 0002 
0 . 0002 














-0 . 000 1 
-0,0001 
-0.000 1 
-0 . 0 0 0  1 




-0 . 000 1 
-0 . 0001 
-0 . 000 1 
-0 . 0001 
-0 . 000 1 
-0.0001 
-0 . 0001 
-0 . 000 1 
-0.0001 
-0 . 0 0 0  1 
- 0  . 0 0 0  1 
-0 . 000 1 
-0 . 000 1 




-0 . 000 1 





c IN ( N 1 
-0 . 0007 
-0,0007 
-0 . 0008 
-0.0008 






-0 . 0008 
-0 . 0008 
-0. 0008 





-0 . 0006 
-0,0006 





-0 . 000 5 






-0 . 0003 
-0.0002 
-0 . 0002 
-0.0002 
-0 . 0002 
-0.000 1 
-0 IO00 1 
-0.0001 













C N ( N )  
-0.0015 




-0 . 00  14  
-0.0013 
-0,0013 













































C N ( N )  
-0.0004 
-0.0005 
































-0 . 0006 
-0.0005 
-0 . 000 5 
-0.0005 
-0.000 5 
-0 , 0 0 0 4  












B E T A  
N 
2 0 1  
2 0 3  
2 0 5  
2 0 7  
2 0 9  
2 1 1  
2 1 3  
2 1 5  
2 1 7  
2 1 9  
2 2 1  
22 3 
2 2 5  
2 2 7  
2 2 9  
2 3 1  
2 3 3  
2 3 5  
2 37 
2 3 9  
2 4 1  
2 4 3  
2 4 5  
247  
2 4 9  
2 5 1  
2 5 3  
2 5 5  
2 57 
2 5 9  
2 6 1  
2 6 3  
2 6 5  
267  
2 6 9  
2 7 1  
2 7 3  
2 7 5  
2 7 7  
2 7 9  
2 8 1  
2 8 3  
2 8 5  
287  
2 8 9  
2 9 1  
2 9 3  
2 9 5  
2 97 
2 9 9  
0 .3333  
1 . 6 0 0 0  
1.6000 
0 . 0 0 0 7  
0 - 0 0 0 7  
0 , 0 0 0 7  
0 . 0 0 0 7  
0.0007 
0 .DO07 
0 . 0 0 0 7  
0 . 0 0 0 7  
0 .0007  
0 . 0 0 0 7  
0 . 0 0 0 7  
0 .0007 
0 . 0 0 0 6  
0 . 0 0 0 6  
0 . 0 0 0 6  
0 . 0 0 0 6  
0 . 0 0 0 6  
0 . 0 0 0 6  
0 . 0 0 0 6  
0 . 0 0 0 6  
0 . 0 0 0 6  
0 . 0 0 0 6  
0 .0006  
0 . 0 0 0 6  
0 . 0 0 0 6  
0 .0006  
0 . 0 0 0 6  
0 . 0 0 0 5  
0 . 0 0 0 5  
0 .0005  
0 . 0 0 0 5  
0 .0005 
0 . 0 0 0 5  
0 , 0 0 0 5  
0 .0005  
0 . 0 0 0 5  
0 . 0 0 0 5  
0 . 0 0 0 5  
0.0005 
0 .0005  
0 . 0 0 0 5  
0 . 0 0 0 5  
0 . 0 0 0 5  
0 . 0 0 0 5  
0 . 0 0 0 5  
0.0005 
0.0005 
0 . 0 0 0 4  
0 . 0 0 0 4  
0 . 0 0 0 4  
0 . 3 3 3 3  
2 .oooo 
2 . 0 0 0 0  
0 . 0 0 0 3  
0 . 0 0 0 3  
0 . 0 0 0 3  
0 .0003  
0 . 0 0 0 3  
0 . 0 0 0 3  
0.0003 
0 - 0 0 0 3  
0 . 0 0 0 3  
0 - 0 0 0 3  
0 .0003 
0 . 0 0 0 3  
0 . 0 0 0 3  
0 . 0 0 0 3  
0 . 0 0 0 3  
0 .0002  
0 . 0 0 0 2  
0 . 0 0 0 2  
0 . 0 0 0 2  
0 . 0 0 0 2  
0 . 0 0 0 2  
0 .0002  
0 .0002  
0 .0002  
0 . 0 0 0 2  
0 , 0 0 0 2  
0 . 0 0 0 2  
0 .0002 
0 . 0 0 0 2  
0 . 0 0 0 2  
0.0002 
0 . 0 0 0 2  
0 . 0 0 0 2  
0 .0002  
0 . 0 0 0 2  
0 . 0 0 0 2  
0 .0002  
0.0002 
0 . 0 0 0 2  
0 . 0 0 0 2  
0 .0002  
0 . 0 0 0 2  
0.0001 
0 , 0 0 0 1  






0 . 3 3 3 3  
3 . O O O O  
3 . 0 0 0 0  
C N ( N )  
-0.0001 
-0 . 0 0 0  1 
-0.0001 




-0 . 0 0 0  1 
-0 .000 1 
-0 .000 1 
-0.000 1 
-0 . 0 0 0  1 
-0.0001 




-0 .000 1 
-0 .0001 
-0.0001 
- 0 * 0 0 0 1  
-0,0001 
- 0 . 0 0 0 1  
-0 . 000  1 




-0  . 0 0 0  1 
-0.0001 
-0 .000  1 
-0 .000 1 
-0 .0001 
-0 .000 1 





-0 , 0 0 0  1 










0 . 3 3 3 3  
5 . 0000  
5 . 0 0 0 0  










0 . 0 0 0 1  
0 . 0 0 0 2  
0 .0002  
0 . 0 0 0 2  
0 . 0 0 0 2  
0 . 0 0 0 2  
0 . 0 0 0 2  
0 .0002  
0 . 0 0 0 2  
0 . 0 0 0 2  
0 . 0 0 0 2  
0 . 0 0 0 2  
0 . 0 0 0 2  
0 . 0 0 0 2  
0 .0001 





0 ,0001  
0.0001 
0.0001 
0 .000  1 
0 . 0 0 0 1  
0 .0001 
0 , 0 0 0 1  











0 .0  
0.0 
0.0 





0 . 0 0 0 5  
0 . 0 0 0 5  
0 . 0 0 0 5  
0 . 0 0 0 4  
0.0004 
0 - 0 0 0 4  
0 . 0 0 0 4  
0 . 0 0 0 4  
0 . 0 0 0 4  
0 - 0 0 0 3  
0.0003 
0 - 0 0 0 3  
0 .0003  
0 . 0 0 0 2  
0 . 0 0 0 2  
0 . 0 0 0 2  














- 0  . 0 0 0  1 
- 0 . 0 0 0 2  
-0 .0002  
- 0 . 0 0 0 2  
- 0 . 0 0 0 2  
-0 .0002  
-0.0002 
-0 . 0 0 0 2  
- 0 , 0 0 0 2  
-0 0 0 0 2  
- 0 . 0 0 0 2  
- 0 . 0 0 0 2  
- 0 . 0 0 0 2  
- 0 . 0 0 0 2  
- 0 . 0 0 0 2  
- 0 . 0 0 0 2  
- 0 . 0 0 0 2  
- 0 . 0 0 0 2  
0 . 3 3 3 3  
1.6000 
10.0000 
C N ( N )  
-0 . 000 1 
-0.0001 
-0 . 000 1 












0 . 0 0 0 2  
0 .0002  
0 . 0 0 0 2  
0 .0002  
0 , 0 0 0 2  
0 . 0 0 0 2  
0 . 0 0 0 2  
0 . 0 0 0 2  
0 . 0 0 0 2  
0 , 0 0 0 2  
0 . 0 0 0 2  
0 . 0 0 0 3  
0 . 0 0 0 3  
0 . 0 0 0 3  
0 . 0 0 0 3  
0 . 0 0 0 3  
0 . 0 0 0 3  
0 . 0 0 0 3  
0 . 0 0 0 3  
0 .0003  
0 . 0 0 0 3  
0 .0003  
0 - 0 0 0 3  
0 . 0 0 0 3  
0 , 0 0 0 2  
0 .0002  
0 .0002  
0 . 0 0 0 2  
0 . 0 0 0 2  
0 .0002  
0 . 0 0 0 2  
0 . 0 0 0 2  
0 . 0 0 0 2  
0 . 0 0 0 2  
0 . 0002 
36 






















































0 . 3333  
1 . 6000 
1.6000 
C N ( N )  
0 . 0004 
0.0004 














































0 .0004  
0 0003 
u.3555 0.3333 0.3333 0.3333 0.3333 
2.0000 3.0OUO 5.0000 10.0000 1,6000 



























































































































































-0 . 0002 
-0.0002. 
-0.0002 
-0 . 0002 
-0.0002 
-0.0001 
-0 . 000 1 
-0.0001 
-0 .. 000  1 
-0.0001 














o .ooo i  
0.0001 


















































-0 . 000 1 
-0.000 1 
-0 . 0 0 0  1 
-0.0001 




-0 . 000 1 
-0.0001 
-0 . 000 1 
-0.0001 
-0 .000 1 
-0.0001 
-0 . 000 1 
-0.0001 
-0.0001 




B / A  
ALPHA 








1 3  
15 
17 
1 9  
2 1  
2 3  
2 5  
2 7  
2 9  
3 1  
3 3  
35  
37 
3 9  
4 1  
4 3  
4 5  
4 7  
4 9  
51 
5 3  
5 5  
57 
5 9  
6 1  
6 3  
6 5  
6 7  
6 9  
7 1  
7 3  
7 5  
7 7  
7 9  
8 1  
8 3  
8 5  
87  
8 9  
9 1  
9 3  
9 5  
9 7  
9 9  
3.0000 
1 .6000  
1 . 6 0 0 0  
C N ( N )  
1 . 2 2 1 3  
-0 . 3 3 7 7  
0 . 1 8 7 9  
-0 . 1 2 4 5  
0 . 0 9 2 3  
- 0 , 0 7 1 8  
0 . 0 5 8 6  
-0 . 0 4 8 9  
0 . 0 4 1 9  
- 0 . 0 3 6 4  
0 . 0 3 2 1  
- 0 . 0 2 8 5  
0.0257 
-0 .0232  
0 .0212  
- 0 . 0 1 9 4  
0 . 0 1 7 9  
-0 .0166  
0,0155 
-0 . 0 144 
0 . 0 1 3 5  
-0 .0127  
0 . 0 1 1 9  
-0 .0113  
0 .0107  
-0.0101 
0 . 0 0 9 6  
-0 . 0 0 9  1 
0 . 0 0 8 7  
- 0 , 0 0 8 3  
0 . 0 0 8 0  
-0 .0076  
0 . 0 0 7 3  
- 0 . 0 0 7 0  
0 .0067  
- 0 . 0 0 6 5  
0 .0062  
- 0 . 0 0 6 0  
0 .0058  
-0.0056 
0 . 0 0 5 4  
- 0 . 0 0 5 2  
0 . 0 0 5 1  
-0 .0049  
0 . 0 0 4 7  
-0 .0046 
0 . 0 0 4 5  
-0 .0043  
0 . 0 0 4 2  
-0 .0041  
3.0000 3.0000 
2 .OOOO 3 . 0000 
2 . 0 0 0 0  3.0000 
1 . 2 4 8 0  
-0 . 3 7 5 6  
0 . 2 0 9 5  
-0 . 1 4 1 2  
0 . 1 0 4 5  
-0 .08   18  
0 . 0 6 6 5  
- 0 . 0 5 5 6  
0 . 0 4 7 4  
-0 - 0 4 1  1 
0 . 0 3 6 1  
-0 .0320  
0 . 0 2 8 7  
-0 . 0 2   5 9  
0 . 0 2 3 5  
- 0 . 0 2 1 5  
0 .0197  
- 0 . 0 1 8 2  
0 . 0 1 6 8  
-0 .0  1 5 6  
0 . 0 1 4 6  
-0.0 1 3 6  
0 . 0 1 2 8  
- 0 . 0 1 2 0  
0 . 0 1 1 3  
-0 .0106  
0.0100 
-0 .0095  
0 . 0 0 9 0  
-0 .0086 
0 . 0 0 8 1  
-0 .0078  
0 . 0 0 7 4  
-0 .007  1 
0 . 0 0 6 7  
-0 .0065  
0 . 0 0 6 2  
-0 .0059  
0 .0057  
-0 .0055  
0 .0052  
-0 .0050  
0 . 0 0 4 9  
-0 .0047  
0 . 0 0 4 5  
- 0 . 0 0 4 3  
0 . 0 0 4 2  
-0 .0040  
0 . 0 0 3 9  
-0 . 0 0 3 8  
1 . 2 6 7 2  
-0 .4100  
0 . 2 3 7 1  
- 0 . 1 6 3 4  
0 .1227  
-0 . 0 9 7 0  
0 . 0 7 9 3  
-0 .0665  
0 .0567  
-0 . 0 4 9  1 
0 . 0 4 2 9  
-0 .0379 
0 . 0 3 3 7  
-0 ,0302  
0 .0272  
-0 . 0 2 4 5  
0 . 0 2 2 3  
-0 .0203  
0 . 0 1 8 5  
-0.0 1 6 9  
0 . 0 1 5 5  
- 0 . 0 1 4 3  
0 . 0 1 3 1  
- 0 . 0 1 2 1  
0 . 0 1 1 2  
-0 .0103  
0 . 0 0 9 5  
- 0 . 0 0 8 8  
0 . 0 0 8 2  
- 0 . 0 0 7 6  
0 . 0 0 7 0  
-0 . 0 0 6  5 
0 . 0 0 6 0  
-0 .0056  
0 .0052  
-0 .0048  
0 . 0 0 4 5  
-0 .0041  
0 .0038  
-0 .0035  
0 . 0 0 3 3  
- 0 . 0 0 3 0  
0 .0028  
- 0 , 0 0 2 6  
0 . 0 0 2 4  
- 0 . 0 0 2 2  
0 . 0 0 2 0  
-0 .0018  
0 .0017  
-0 .0015 
3.0000 
5 . 0 0 0 0  
5 . 0 0 0 0  
1 . 2 7 2 0  
-0 . 4 2   1 3  
0 .2498  
-0 . 17  57 
0 . 1 3 4 1  
-0 . 1 0 7 4  
0 . 0 8 8 8  
-0 . 0 7 4 9  
0 . 0 6 4 3  
-0 . 0 5 5 8  
0 . 0 4 8 8  
- 0 . 0 4 3 1  
0 . 0 3 8 2  
-0.0 3 4 0  
0 . 0 3 0 3  
- 0 . 0 2 7 1  
0 . 0 2 4 3  
-0 . 0 2   1 8  
0 . 0 1 9 5  
- 0 . 0 1 7 5  
0 .0157  
-0 . 0 1 4 0  
0 . 0 1 2 5  
- 0 . 0 1 1 2  
0 . 0 0 9 9  
-0 . 0 0 8 8  
0 .0077  
-0 .0067  
0 . 0 0 5 9  
-0 .0051  
0 . 0 0 4 3  
-0.00 36 
0 . 0 0 3 0  
- 0 . 0 0 2 4  
0 . 0 0 1 9  
- 0 . 0 0 1 4  
0 .0009  
-0 .0005  
0 . 0 0 0 2  
0 . 0 0 0 2  
- 0 . 0 0 0 5  
0 . 0 0 0 8  
-0 .0010 
0 .0012  
-0  . 0 0  1 4  
0 . 0 0 1 6  
-0.001 8 
0 . 0 0 1 9  
- 0 . 0 0 2 0  
0 . 0 0 2 1  
3 .0000  
1 0  .oooo 
10.0000 
1 . 2 7 2 7  
-0 .4231  
0 . 2 5 2 4  
-0 .1788 
0 . 1 3 7 5  
- 0 . 1 1 0 9  
0 . 0 9 2 3  
- 0 , 0 7 8 4  
0 . 0 6 7 6  
-0 .0589  
0 . 0 5 1 8  
-0 .0458  
0 . 0 4 0 6  
-0 .0362  
0 . 0 3 2 3  
-0 .0288  
0 .0257  
- 0 , 0 2 2 9  
0 . 0 2 0 4  
- 0 . 0 1 8 1  
0.0160 
- 0 . 0 1 4 1  
0 . 0 1 2 4  
-0 .0108  
0 . 0 0 9 3  
-0 .0079  
0 . 0 0 6 7  
-0 .0055  
0 . 0 0 4 4  
- 0 , 0 0 3 5  
0 . 0 0 2 6  
-0 . 00 1 7  
0 . 0 0 1 0  
- 0 . 0 0 0 3  
- 0 . 0 0 0 4  
0 . 0 0 0 9  
- 0 . 0 0 1  5 
0 . 0 0 1 9  
- 0 . 0 0 2 4  
0 . 0 0 2 7  
-0.0031 
0 . 0 0 3 4  
- 0 . 0 0 3 6  
0 . 0 0 3 8  
- 0 . 0 0 4 0  
0 . 0 0 4 1  
- 0 . 0 0 4 2  
0 . 0 0 4 3  
- 0 . 0 0 4 4  
0 . 0 0 4 4  
3.0000 
1 . 6 0 0 0  
10.0000 
C N ( N )  
1 . 2 7 2 4  
-0 .4223  
0 . 2 5 1 1  
-0 . 1 7 6 9  
0 .1352  
- 0 . 1 0 8 2  
0 . 0 8 9 2  
- 0 . 0 7 5 0  
0 . 0 6 4 0  
-0,0551 
0 . 0 4 7 8  
-0 .041  7 
0 . 0 3 6 5  
- 0 . 0 3 2 1  
0 . 0 2 8 2  
-0 .0248  
0 . 0 2 1 8  
-0 .0191  
0 . 0 1 6 8  
-0 . 0 1 4 7  
0 . 0 1 2 8  
-0.0111 
0 .0096  
- 0 . 0 0 8 3  
0 . 0 0 7 1  
-0 . 0 0 6 0  
0.005 1 
-0 .0042  
0 .0035  






-0 .0002  
-0 . 000 1 
0 .0003 
-0 .0005  
0 . 0 0 0 6  
-0 . 0 0 0 8  
0.0009 





0 . 0 0 1 0  
- 0 . 0 0 1 0  
0 . 0 0 1 0  
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3.0000 3.0000 3.0000 3.0000 3.0000 3.0000 
1.6000 2.0000 3.0000 5.0000 10,0000 1.6000 
1.6000 2.0000 3.0000 5.0000 10.0000 10,0000 





-0 . 0035 

































































































-0.00 10  
0.0009 







0 . 0003 
-0 . 0002 
0 . 0002 


















0 . 0003 
































































0 . 0002 
-0.0002 
-0 -0044  
0.0044 


































































































B / A  
ALPHA 
B E T A  
2 0 1  
2 0 3  
2 0 5  
2 0 7  
2 0 9  
2 1  1 
2 1 3  
2 1 5  
2 1 7  
2 1 9  
2 2  1 
2 2 3  
2 2 5  
2 2 7  
2 2 9  
2 3  1 
2 3 3  
2 3 5  
2 37 
2 3 9  
2 4 1  
2 4 3  
2 4 5  
2 4 7  
2 4 9  
2 5 1  
2 5 3  
2 5 5  
2 57  
2 5 9  
2 6 1  
2 6 3  
2 6 5  
2 6 7  
2 6 9  
27 1 
2 7 3  
2 7 5  
2 7 7  
2 7 9  
2 8 1  
2 8 3  
2 8 5  
2 8 9  
2 9 1  
2 9 3  
2 9 5  
2 97 
2 9 9  
2 8 7  
3 .0000 3.0000 3 ,0000 3.0000 3.0000 
1 . 6 0 0 0  2 . 0 0 0 0  3 . 0 0 0 0  5 .0000 10 .0000 
1.6000 2 . 0 0 0 0  3 . 0 0 0 0  5.0000 10.0000 
C N ( N )  
0 . 0 0 1 5  
-0 .0015 
0 . 0 0 1 4  
- 0 . 0 0 1 4  
0 . 0 0 1 4  
-0 .0014 
0 . 0 0 1 4  
- 0 , 0 0 1 3  
0 . 0 0 1 3  
-0 .0013 
0 . 0 0 1 3  
-0.00 1 3  
0.0012 
-0.00 1 2  
0 .0012 
-0 . 00 1 2  
0 .0012  
-0 .0012 
0 . 0 0 1 1  
-0.0011 
0 . 0 0 1 1  
-0.0011 
0.0011 




-0.00 1 0  
0 . 0 0 1 0  
-0.0010 




0 , 0 0 0 9  
-0 .0009 
0 . 0 0 0 9  
-0 .0009 
0 . 0 0 0 9  
-0 . 0 0 0 9  
0 . 0 0 0 9  
-0 .0009 
0 . 0 0 0 9  
- 0 , 0 0 0 8  
0 .0008  
- 0 . 0 0 0 8  
0 .0008 
- 0 . 0 0 0 8  
0 .0008  
-0.0008 
0 .0010 




- 0  , 0 0 0 9  
0 . 0 0 0 9  
-0 .0009 
0 . 0 0 0 9  
-0 .0009 
0 . 0 0 0 8  
-0 . 0 0 0 8  
0 . 0 0 0 8  
-0 .0008 
0 . 0 0 0 8  
-0 . 0 0 0 8  
0 .0007 
-0 . 0 0 0 7  
0 . 0 0 0 7  
-0.0007 
0 .0007  
-0.0007 
0 . 0 0 0 7  
-0 . 0 0 0 7  
0 . 0 0 0 6  
- 0 . 0 0 0 6  
0 . 0 0 0 6  
- 0  . 0 0 0 6  
0 . 0 0 0 6  
- 0 . 0 0 0 6  
0 . 0 0 0 6  
-0 .0006 
0 . 0 0 0 6  
-0 .0005  
0 . 0 0 0 5  
-0 .0005 
0 . 0 0 0 5  
-0 .0005 
0 . 0 0 0 5  
- 0 , 0 0 0 5  
0 . 0 0 0 5  
-0.0005 
0 . 0 0 0 5  
-0 . 0 0 0 5  
0 . 0 0 0 5  
-0 . 0 0 0 4  
0.00O4 
- 0 . 0 0 0 4  
0 . 0 0 0 4  
-0 .0004 
. -0  . 0 0 0 4  
0 . 0 0 0 4  
- 0 . 0 0 0 4  
0 . 0 0 0 4  
0 . 0 0 0 4  
- 0 . 0 0 0 4  
0 . 0 0 0 4  
- 0 . 0 0 0 4  
0 , 0 0 0 3  
- 0 . 0 0 0 3  
0 . 0 0 0 3  
- 0 . 0 0 0 3  
0 . 0 0 0 3  
- 0 . 0 0 0 3  
0 . 0 0 0 3  
- 0 . 0 0 0 3  
0 . 0 0 0 3  
- 0 , 0 0 0 3  
0 . 0 0 0 3  
- 0 . 0 0 0 3  
0 .OOO3 
-0 .0003 
0 . 0 0 0 3  
- 0 . 0 0 0 3  
0 . 0 0 0 3  
- 0 . 0 0 0 2  
0 .0002 
- 0 . 0 0 0 2  
0 . 0 0 0 2  
- 0 . 0 0 0 2  
0 . 0 0 0 2  
-0 .0002 
0 .0002 
-0 . 0 0 0 2  
0 .0002 
- 0 , 0 0 0 2  
0.0002 
-0 .0002 
0 , 0 0 0 2  
-0 .0002 
0 .0002 
-0 . 0 0 0 2  
0.0001 
-0 .000 1 
0.0001 
-0 .0001 
0 . 0 0 0 1  
-0 .000 1 
0 . 0 0 0 1  
- 0 . 0 0 0 4  
0 . 0 0 0 2  
-0 .0003 
0 . 0 0 0 3  
-0 . 0 0 0 3  
0 . 0 0 0 3  
- 0 . 0 0 0 4  
0 . 0 0 0 4  
- 0 . 0 0 0 4  
0 . 0 0 0 4  
- 0 . 0 0 0 4  
0 , 0 0 0 5  
-0 , 0 0 0 5  
0 . 0 0 0 5  
- 0  . 0 0 0 5  
0 . 0 0 0 5  
-0 .0005 
0 . 0 0 0 5  
-0 .0005 
0 . 0 0 0 5  
-0 . 0 0 0 5  
0 . 0 0 0 5  
- 0 . 0 0 0 5  
O . O O O 4  
- 0  . 0 0 0 4  
0 . 0 0 0 4  
-0 .0004 
0 . 0 0 0 4  
- 0 . 0 0 0 4  
0 . 0 0 0 4  
- 0 . 0 0 0 4  
0 . 0 0 0 3  
- 0 . 0 0 0 3  
0 . 0 0 0 3  
-0 .0003 
0 . 0 0 0 3  
- 0 . 0 0 0 3  
0 . 0 0 0 2  
- 0 . 0 0 0 2  
0 . 0 0 0 2  
-0 . 0 0 0 2  
0 .0002 
-0 . 0 0 0 2  
0 . 0 0 0 1  
- 0 . 0 0 0 1  
0 . 0 0 0 1  
-0 . 0 0 0 1  
0.0001 




-0.00 1 5 
0 . 0 0 1 4  
- 0 . 0 0 1 4  
0 . 0 0 1 4  
- 0 , 0 0 1 3  
0 . 0 0 1 3  
-0 .0012 
0 .0012 
-0 000 1 1 
0 .0010  
-0.0010 
0 . 0 0 0 9  
-0 .0008 
0 .0008  
-0 .0007 
0 . 0 0 0 6  
-0 . 0 0 0  5 
0 . 0 0 0 5  
- 0 . 0 0 0 4  
0 . 0 0 0 3  
-0 . 0 0 0 2  
0 .0002 
- 0 . 0 0 0  1 
0 .0  
0.0001 
- 0  . 0 0 0  1 
0 . 0 0 0 2  
- 0 . 0 0 0 3  
0 . 0 0 0 3  
- 0 . 0 0 0 4  
0 . 0 0 0 4  
- 0 . 0 0 0 5  
0 . 0 0 0 5  
- 0 . 0 0 0 6  
0 , 0 0 0 6  
-0.0006 
0 . 0 0 0 7  
- 0 . 0 0 0 7  
0 . 0 0 0 7  
- 0 . 0 0 0 7  
0 . 0 0 0 7  
- 0 . 0 0 0 7  
0 . 0 0 0 8  
- 0 . 0 0 0 8  
0 .0008  
- 0 . 0 0 0 8  
0 .0007 
- 0 . 0 0 0 7  
0 . 0 0 0 7  
3 . 0 0 0 0  
1 . 6000 
10.0000 
0 . 0 0 0 1  
-0 . 000  1 
0.0001 
-0 . 000 1 
0.0001 
- 0 . 0 0 0 1  
0 . 0 0 0 1  


























-0 . 0 
0.0 
















B / A  
ALPHA 
B E T A  
N 
30  1 
3 0 3  
3 0 5  
3 0 7  
3 0 9  
3 1  1 
3 1 3  
3 1 5  
3 1 7  
3 1 9  
3 2  1 
3 2 3  
3 2 5  
3 2 7  
3 2 9  
3 3 1  
3 3 3  
335  
3 3 7  
3 39  
3 4 1  
3 4 3  
3 4 5  
347  
3 4 9  
3 5 1  
3 5 3  
3 5 5  
357  
3 5 9  
36  1 
3 6 3  
3 6 5  
367  
3 6 9  
37 1 
3 7 3  
3 7 5  
3 7 7  
3 7 9  
38 1 
3 8 3  
3 8 5  
387  
3 8 9  
3 9 1  
3 9 3  
3 9 5  
397  
3 9 9  
3 .OOOO 
1 . 6 0 0 0  
1 . 6 0 0 0  






-0  . 0 0 0 7  
0.0007 
-0 . 0007  
0 . 0 0 0 7  
-0 . 0 0 0 7  
0 . 0 0 0 7  
- 0 . 0 0 0 7  
0 . 0 0 0 7  
-0.0007 
0.0007 
- 0 . 0 0 0 7  
0 .0007 
- 0 . 0 0 0 7  
0 .0007  
- 0 . 0 0 0 6  
0 . 0 0 0 6  
- 0 . 0 0 0 6  
0 . 0 0 0 6  
- 0 . 0 0 0 6  
0 . 0 0 0 6  
- 0 . 0 0 0 6  
0 . 0 0 0 6  
-0 .000h 
0 . 0 0 0 6  
- 0 . 0 0 0 6  
0 . 0 0 0 6  
-0 .0006 
0 . 0 0 0 6  
- 0 . 0 0 0 6  
0 . 0 0 0 6  
- 0 . 0 0 0 6  
0 . 0 0 0 5  
- 0 . 0 0 0 5  
0 . 0 0 0 5  
- 0 . 0 0 0 5  
0 . 0 0 0 5  
- 0 , 0 0 0 5  
0 . 0 0 0 5  
- 0 . 0 0 0 5  
0 - 0 0 0 5  
-0.0005 
0 .0005  
-0 .0005 
0 .0005  
-0,0005 
3 .0000  3 .0000  3 .0000  3.0000 3 .0000  
2 .0000 3 . 0 0 0 0  5 .0000  1 0 . 0 0 0 0  1 . 6 0 0 0  
2.0000 3 . 0 0 0 0  5 .0000  10.0000 10.0000 
0 . 0 0 0 4  
-0 .0004 
0 . 0 0 0 4  
-0 ,0004 
0 . 0 0 0 4  
- 0 . 0 0 0 4  
0 . 0 0 0 4  
- 0 . 0 0 0 4  
0 . 0 0 0 4  
-0 . 0 0 0 4  
0 . 0 0 0 3  
- 0 , 0 0 0 3  
0 . 0 0 0 3  
-0 .0003  
0 . 0 0 0 3  
- 0 . 0 0 0 3  
0 . 0 0 0 3  
-0 .  (2003 
0 . 0 0 0 3  
- 0 . 0 0 0 3  
0 . 0 0 0 3  
- 0 . 0 0 0 3  
0 . 0 0 0 3  
- 0 . 0 0 0 3  
0 . 0 0 0 3  
- 0 . 0 0 0 3  
0 .0003  
- 0 . 0 0 0 3  
0 . 0 0 0 3  
- 0 . 0 0 0 3  
0 .0003  
- 0 . 0 0 0 3  
0 . 0 0 0 3  
-0 .0002  
0.0002 
-0 .0002  
0.0002 
- 0 . 0 0 0 2  
0 .0002 
- 0 . 0 0 0 2  
0.0002 
- 0 , 0 0 0 2  
0 . 0 0 0 2  
- 0 . 0 0 0 2  
0 . 0 0 0 2  
-0.0002 
0 . 0 0 0 2  
0 . 0 0 0 2  
-0.0002 




0 . 0 0 0 1  0.0 





0 . 0 0 0 1  0.0001 








-0 .0 -0.0001 
0.0 0.0001 
-0  .o - 0 . 0 0 0  1 
0.0 0.0001 
-0 .o - 0 . 0 0 0 2  
0.0 0 . 0 0 0 1  
-0 .o -0  . 0 0 0 2  
0.0 0 . 0 0 0 2  
-0.0 -0  . 0 0 0  1 
0.0 0 . 0 0 0 1  
- 0   - 0  -0 . 0001  
0.0 0.0001 
-0.0 -0 .  (3001 
0.0  0.0001 
-0 - 0  -0 . 0001 
0.0 0.000 1 
-0 .o -0.0001 
0.0 0.0001 
-0.0 -0 . 0 0 0  1 
0.0 0 ,0001  
-0 - 0  -0 . 0 0 0  1 
0.0 0.000 1 
-0 .o -0 . 0 0 0  1 
0 - 0  0.0001 
-0 .o -0 . 0001 
0.0 0.0001 








- 0 , 0 0 0 7  
0 . 0 0 0 6  
-0.0006 
0 . 0 0 0 6  
-0.0005 
0 . 0 0 0 5  
- 0 . 0 0 0 5  
0 . 0 0 0 4  
- 0 . 0 0 0 4  
0 . 0 0 0 4  
- 0 . 0 0 0 3  
0 . 0 0 0 3  
-0 .0003  
0 . 0 0 0 2  
-0 .0002  
0.0001 
-0  i 0 0 0  1 
0.0001 
-0  .o 
-0.0 
0.0001 
- 0 . 0 0 0  1 
0.0001 
- 0 . 0 0 0 2  
0 e 0 0 0 2  
- 0 . 0 0 0 2  
0 . 0 0 0 3  
- 0 . 0 0 0 3  
0 . 0 0 0 3  
- 0 . 0 0 0 3  
0 . 0 0 0 3  
- 0 . 0 0 0 4  
0 . 0 0 0 4  
-0  . 0 0 0 4  
0 . 0 0 0 4  
- 0 , 0 0 0 4  
0 . 0 0 0 4  
- 0 . 0 0 0 4  
0 . 0 0 0 4  
-0  . 0 0 0 4  
0 . 0 0 0 4  
- 0 . 0 0 0 4  
0 . 0 0 0 4  
-0.0004 
0 . 0 0 0 4  
-0 .0004 



























































Fig.  1 Conformal  Mapping  of Unit  Circle onto  Region R 
Fig.  2 Pa th   o f   In tegra t ion   for   Equat ion  2 
42 
I 1 
Fig. 3 Geometrical  Significance of New Variables (Eq. 4 )  
" . 
C 1 
Fig. 4 Geometrical  Significance of Variables when Z is on C 
43 
F i g .  5 Graphical Check of Accuracy of Conformal Maps, B / A  = 1, 2 
44 
Mapping  Curve 
a = B = 2  
B / A  = 113 
Given Curve 
Given Curve 
Mapping Curve - 
B/A = 113 
NASA-Langley, 1969 - 32 CR-1357 45  
